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Resumo

Tomogra a computadorizada, uma tecnologia tradicionalmente usada no campo médico,
provou ser uma ferramenta ventajosa em aplicagcbes geoldgicas, especialmente com os recen-
tes avancgos nos métodos computacionais. No contexto contemporaneo da analise de reserva-
térios, um grande numero de reservas mundiais de petrdleo encontram-se em reservatorios
de carbonato e um reservatorio particular de producéo de petroleo é o reservatério Vuggy
fraturado. A partir dos dados de tomogra a é possivel estudar amostras de rochas extraidas
daquelas &reas sem alterar o espécime original. Este trabalho surge como uma contribuigdo
relevante para correlacionar amostras de rochas reais com a analise de imagens para geracao
de malhas de elementos nitos. O projeto focou-se na analise de imagens 3D dos dados da
tomogra a computadorizada e sua estruturacdo consistiu em trés etapas principais: recons-
trucdo de imagem digital, segmentacéo de regides conectadas com classi cacao de potenciais
vugs e fraturas e geracéo de malhas.

Na primeira etapa, as imagens foram reconstruidas a partir dos dados brutos obtidos da
microtomogra a. A segunda etapa envolveu a segmentacéo das imagens para identi car e
classi car as regides conectadas, visando especi camente potenciais vugs e fraturas. A etapa
nal concentrou-se na geracao de uma malha de elementos nitos a partir das imagens seg-
mentadas que podem ser usadas para analise numérica. Malhas de duas e trés dimensfes séo
geradas a partir dos dados da tomogra a computadorizada de duas amostras de rocha. Di-
ferentes algoritmos foram explorados e combinados para cada caso, entre o algoritmo Mesh
Decimation e o algoritmo Marching Cubes. O resultado deste trabalho é uma malha que pode
ser usada para analise de elementos nitos.

Palavras chaves: Geragédo de malha, Elementos Finitos, Amostra de rocha, Tomogra a com-
putadorizada, Analise de imagem.



Abstract

Computed tomography technology, a traditionally and highly utilized tool in the medical
eld, has proven to be a useful technique in geological applications, especially with recent
advancements in computational methods. In the contemporary context of reservoir analysis, a
large number of world's oil reserves lie in carbonate reservoirs and a particular oil production
reservoir is the Vuggy fractured reservoir. From tomography data it is possibble to study
samples of rocks in this areas without altering the original specimen. This work emerges as
a relevant contribution to correlate real rock samples with image analysis for Finite element
mesh generation. The project focused on analyzing 3D images of computed microtomography
scan data and its structured consisted on three principal stages: digital image reconstruction,
segmentation of connected regions with classi cation of potential vugs and fractures, and
mesh generation.

The rst stage involved the reconstruction of 3D digital images from the raw data obtained
from the microtomography scan. The second stage comprised segmenting the images to iden-
tify and classify connected regions, aiming to distinguish targting potential vugs and fractures.
The nal stage was concerned on generating a nite element mesh from the segmented im-
ages that can be used for numerical analysis. Two and three dimension meshes are generated
from computed tomography data of two rock samples. Di erent algorithms were explored and
combined for each case, among the canny, marching cubes and mesh decimation algorithm.
The result of this work is a mesh that can be used for nite element analysis.

Keywords: Mesh generation, Finite Elements, Rock samples, Computed tomography, Image
analysis.
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1 Introduction

1.1 General Aspects and Motivation

A great amount of real life petroleum engineering problems relies on oil production reser-
voir analysis, as several authors agree (Khalili; Ahmadi, 2023; Xu et al., 2022; Deutsch; Hewett,
1996). Nowadays, advances on computational technology and numerical analysis makes pos-
sible to solve partial di erential equations on large meshes that represents physical domains,

as mentioned by Cappuccio et al. (2020) in its recent article.

Computed tomography-based mesh generation models have emerged as an interesting tool
in the analysis of heterogeneous reservoirs. By leveraging high-resolution imaging techniques,
these models enable researchers to visualize and characterize complex systems within geolog-
ical formations. These approaches facilitate a deeper understanding of uid ow dynamics,
mechanical behavior, and data extraction processes in porous media. As the demand for ef-
cient resource management and environmental assessments grows, the integration of com-
puted tomography into modeling is proving essential for advancing both scienti ¢ research

and practical applications in elds such as hydrogeology and petroleum engineering.

Recent advancements have highlighted the potential of using X-ray computed tomography
(CT) to derive detailed networks with real aperture distributions, signi cantly enhancing the
accuracy of uid ow simulations in vuggy reservoirs as mentioned by Cao et al. (2021). Ad-
ditionally, some studies have shown that these systems have a much greater e ect on uid
dynamics than other systems, emphasizing the need for accurate modeling (Sun et al., 2021).
The application of these methodologies not only enriches the modeling capabilities but also
provides valuable insights into the mechanical responses of vuggy systems under various con-
ditions (Liu, B.; Jin; Chen, 2019). Overall, the integration of computed tomography into Fi-
nite Elements modeling is impacting the study of subsurface environments, particularly when

reaching the upscaling phase for research of this nature.

In summary, the application of computed tomography in rock analysis enables the non-

invasive examination of internal features while preserving the integrity of the sample. Nu-
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merical modeling and simulation based on such data facilitate the prediction of uid behavior
and mechanical properties in porous media an essential aspect for understanding geological
processes. The area of application of these methodologies is not limited to petroleum engi-
neering, but also includes other elds such as geosciences, material science and biomedical

applications.

Multidisciplinary Context

Several studies using computer tomography data have been conducted in the context of nite
element analysis, especially some studies have been observed for medical, material science and

geosciences applications.

~ Within the material science domain, the study proposed by Zhou, Bhamare, and Qian
(2014) creates a framework to investigate ductile failure in a structural stainless steel.
For this purpose, an Gurson-Tvergaard Needleman (GTN) fracture model was used. This
method, which is a damage mechanics material model, takes into account the relation-
ship between damage evolution in both micro and macroscopic scales. The well-known
Sandia fracture challenge was solved by using the Finite Elements method. Speci cally,
non-linear FEM is used to implement the calibrated GTN model revealing crack paths

and overall agreement between simulation and experiments.

In the context of medical image analysis, the study of Benca, Amini, and Pahr (2020)
discusses the nite element incorporation to simulate in reconstructed representations

of computer tomography skeletal imaging systems .

Within the geosciences area, a study proposed by Song, Jianjun Liu, and Cui (2017),
worked with reconstruction of pore scale models from computer tomography data . In
this study, meshes were generated by considering the voxels of the images instead of
the traditional hexaedron elements. E ective pores geometries and isolated small pores
were presented, ow simulations were conducted and absolute permeability was pre-

dicted.
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1.2 Objectives

This project aims to establish a computational methodology for nite element mesh gener-

ation based on CT imaging of rock samples. Speci c objectives include:

" Develop a work ow for generating 2D and 3D nite element meshes from computed

tomography image data.

" Perform a geometric analysis of potential vugs and fractures distributed within inter-

connected void spaces.
Validate the proposed approach using diverse rock samples.
Evaluate the delity of the resulting meshes.

" Test the generated meshes in simpli ed simulation scenarios.
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1.3 Outline of The Thesis

This dissertation is divided into 6 sections:

Chapter 1 highlights the relevance of the project, presents the main objectives and a

summary of mesh generation in the context of numerical simulation.

Chapter 2 describes relevant theory related to the context of mesh generation for nite

elements simulation.
Chapter 3 explains the key parts of the process followed to generate the meshes.

Chapter 4 contains some interesting examples and results obtained from the CT scan

data.

Chapter 5 presents the conclussions and future work summarizing the project and pro-

viding some insights for further research.
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2 Background

2.1 An Overview of Digital Image Processing

A formal de nition of image is given by Gonzalez (2009). Images are interpreted as two-
dimensional functions that depends of spatial coordinates "x" and "y". Thex;y/ can be
considered a digital image when the intensity valued ofx andy are nite. Therefore, digital
images are formed by a nite number of elements that are commonly called "pixels"”, which
means picture elements. Some relevant image processing operations have been described by

Tyagi (2018) and summarized in this section :

"~ Binarization: In some images that may have information that is not so relevant for an
speci ¢ application like for example images with a variety of colors, it is possible to
apply a transformation on it to obtain a black and white (binary) image which could
help to optimize storage. In the following example it is possible to see a color image
RGB, where every pixel has a value for the channel red, green and blue respectively.
Then, a gray-scale image where every pixel has a value between 0 and 254, where 0
represents white and 254 represents black. In Figure 2.1 it is possible to see an image

were the binarization process was applied.

Original image Gray-scale image Binary image

Figure 2.1: Example of binarization operation
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" Smoothing: This technique is applied to smooth or soften an image, then details of the
Image are erased. it can be useful in order to recognize objects before a binarization
technique for example. In gures 5 and 6, it can be seen the result of applying other
techniques after a smoothing process. In Figure 2.2 it is possible to see an image were

the smoothing process was applied.

Original image Smoothed image

Figure 2.2: Example of smootinhg technique

" Sharpening: In some cases, there are images which were obtained with defects that make
di cult to visualize some details. This technique helps to enhance edges and ne details
of animage. In Figure 2.3 itis possible to see an image were the sharpening process was

applied.

Original image Sharpened image

Figure 2.3: Example of sharpening operation

" Noise Removal and De-blurring: A key preprocessing stage is the application of noise
reduction lIters and the choice of Iter depends on the type of noise a ecting the image.

In Figure 2.4 it is possible to see an image in which gaussian noise was included. For
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this case the use of a gaussian Iter can help to obtain the original image since the noise

was included intentionally.

Original image Image with Gaussian noise

Figure 2.4: Example of noise removal technique

" Edge Extraction: In order to recognize objects of an image, an important preliminary
technique could be the use of an edge extraction algorithm. This technique allows to nd
objects contours. In Figure 2.5 it is possible to see an image were the Edge Extraction

process was applied.

Original image Image edges

Figure 2.5: Example of edge extraction technique

" Segmentation: This technique plays a key role in image recognition and classi cation.
Through the use of segmentation, it is possible to partitionate an image into meaningful
regions of interest. This facilitates more accurate identi cation, feature analysis, and
interpretation of visual information. In Figure 2.6 it is possible to see an image were the

segmentation process was applied.



Original image

Segmented image

Figure 2.6: Example of segmentation technique

22
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2.2 \Vuggy-Fractured reservoirs

One of the crucial sectors of global economy is indeed the oil industry, Addison, Roe, and
Stevens (2018) reported oil equivalent statistics in million tons between 1965 and 2016. It went
from 4000 million tons to 13000 million tons in the OECD, for non OECD members the values
reported indicated an increase of 2000 tons to 4000 tons. For 2016, Yao, Huang, et al. (2017)
outlined that the carbonate reservoir formations are 50 % of known economic reserves all over
the world, and the production is over 60 % and Yang Li (2017) that the fracture-vug reservoir
is a primary reservoir, that contained 2/3 of proven reserves. Fractured, vuggy reservoirs
are de ned as a carbonate reservoir that contain extensive fractures, matrix and vugs with
varying sizes and distributions (Gao, 2016). When talking about matrix, fractures and vugsiitis
important to bring the de nitions used for every entity. The de nition adopted for vugs is "an
ori ce in a porous medium relatively large compared to pore size" which is given by National
Research Council et al. (1996), while for fractures the de nition proposed by Asgarinezhad
et al. (2016) "A mechanical break in a rock that can act as a ow pathway and accumulation
space" in its recent article. Several models of conceptual porous media of the literature can
be seen in Figure 2.7. The rst model is a fractured porous medium, the second is a vuggy
porous medium, the third is a vuggy porous medium connected to fractures and the last one

is a vuggy isolated fractured porous medium.

Figure 2.7: Conceptual models of porous medium - Adapted from Yang Li (2017) 1. Fractured
2. Vuggy 3. Vuggy connected to fractures 4. vuggy isolated fractured.

2.3 Finite Element Mesh Generation

The concept of mesh is frequently linked to a discrete representation of a continuos domain.
Then, Mesh generation can be de ned as the procedure of dividing a domain of interest in

subdomains of small size. It is well-known that real-life challenges could involve complex
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geometries analysis and continuous variables. Due to meshing it is possible to achieve the
simpli cation of these problems into more manageable models. The geometry of interest is
usually represented with mesh elements of high order that are the result of merging elements
of lower order. In the context of numerical simulation, mesh generation is usually recognized
as the rst stage for a nite element simulation (Mehendale; Soman, 2021) and it is sometimes
considered as one of the most time-demanding parts to solve a di erential equation in a system
under analysis (Shivaram; Manjula; Vighnesam, 2016). Structured meshes specially which
have the same number of adjacent elements, o er simplicity in software development and
data accessibility (Oguz, 2001). There are two major groups of meshes, the structured meshes
create a grid with lattice points of the geometry under analysis (Rodrigues; Vieira, 2024). In
order to represent complex geometries, it is usually necessary to use more than a structured
grid representation. Unstructured meshes have this exibility, allowing for a better approach.
However, for the current project due to the heterogeneity of computer tomographies analyzed,

the kind of mesh that is going to be obtained must be a non-structured mesh.

According to Cheng et al. (2013) nowadays there are three classes of mesh generation al-
gorithms that are commonly used for unstructured meshes: Advancing front methods, grid,
quadtree and octree algorithms and Delaunay re nement algorithms. It is also mentioned a
fourth class that is the mesh improvement algorithms, that optimize available meshes. A brief

description of the three methods is given as follows:

~ Advancing Front Methods: This method creates elements individually, beginning with
the boundary of the original domain and after advancing towards the inside. Pioneering
methods (Frederick; Wong; Edge, 1970; Cavendish, 1974; Lohner; Morgan, 1986) de ned
the basis for advancing fronts triangulations. "Front" is the name given to the inter-
face between elements and the unmeshed domain. Then, when the domain is already
meshed the front is no longer present. In Figure 2.8, it is possible to see how the front is

decreasing as the domain is meshed.
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Figure 2.8: Advancing front method example

~ Octree Methods: This method is widely used for 3D meshes based on cloudpoints. Prin-
cipal strategy of this method include the division of a 3D domain into a hierarchy of
cubes. This method is an extension of the quadtree method por two dimensions. Octree
initial developments were reported by group of Yerry and Shephard (1984) and Shephard
and Georges (1991). In contrast with Delaunay and Advancing Fronts methods, it does
not rely on a prede ned surface mesh. It forms surface facets at the boundary intersec-
tions of the octree. For a 2D case it is possible to see an example of how this method
works in Figure 2.9. In this case, it is possible to see that there are some areas that there
have been more re ned than others. This is a common feature of this method, since it

Is possible to re ne the mesh in some areas of interest.

gs
( i s

Figure 2.9: Quadtree decomposition of a 2D object

Delaunay Algorithms: The method introduced by Delaunay (1934) uses the Bowyer-
Watson algorithm (Rebay, 1993) in order to create its meshes. As the quadtree methods,
it usually creates better elements inside the domain and worst elements in the boundary.
A more detailed explanation of the algorithm to generate triangular meshes is given on
section 2.2, and interesting mathematical proofs of the method proposed by Edelsbrun-

ner and Harer (2022) can be reviewed.
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Although, these methods were brie y described separately there are also the combined meth-

ods that can use the combination of two or more (George et al., 2004).

2.3.1 Whatis a good Element?

Some interesting properties of what could be a good mesh are given by Jonathan Richard

Shewchuk (2012), these properties inclide:

" Cover the entire domain.
" Areas do not overlap.
" Edges are shared by the same number of triangles (conforming mesh).

~ Elements have good quality (triangles are almost equilateral).

Shapes, sizes and angles of mesh elements are considered as relevant parameters in order to
manage e ciently interpolation errors during nite element analysis. Many authors (Diaz,

1959; Jamet, 1976; Babu2ka; Aziz, 1976; Shewchuk, J., 2002) suggested avoiding large angles
(near180). Speci cally, Babu2ka and Aziz (1976) demonstrated that for the case of triangu-

lar meshes, when angles get closeri80 the accuracy of nite element solutions decreases
seriously. However, small angles(ne@) may cause ill-conditioned sti ness matrix problems
(Shewchuk, J. R., 2012). Figure 2.10 shows an example of potential good an bad mesh elements

. The rst triangle could be considered as a "good element” since it angles are far away of the
values that were mentioned before. Otherwise, from the second triangle , it can be suspected

that it could cause numerical issues because of its proximity with the critical angles.
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Figure 2.10: Example of triangle elements

2.4 Mesh generation relevant considerations

Gmsh, created by Geuzaine, Christophe and Remacle, Jean-Francois (2020) is a free open-
source software, for creating and visualizing meshes, commonly used in nite element method
(FEM). It relies by default on the Delaunay triangulation algorithm, introduced in 1934 by De-
launay (1934), which connects a set of points by forming triangles in such a way that no
triangle's circumcircle contains any other point from the set. In this project, all meshes will
be generated with Gmsh. Figure 2.11 shows a comparison, between a valid Delaunay trian-
gulation(left) and a non-valid case(right). It is important to mention that on the left side the
circumcircle of every triangle does not contain any other point from the set, while on the right
side, the circumcircle of the triangle contains a point from the set, in fact there is a superpo-

sition between the two circles.
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Figure 2.11: Example of Delaunay triangulation on Blue and another triangulation on black

Assuming Delaunay triangulation have been applied in the following example, an image
that illustrates mesh con gurations can be seen in Figure 2.12. In this case, it is important to
notice the coexistence of subdomains in the original domain mesh, as it was mentioned before

dimsional elements (In this 2D case are triangles) are composed of lower order elements(lines).

sk / Vug edge \\ Fractu V
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Figure 2.12: Some domain illustrations 1. Original 2. Original without vugs and fractures

meshed 3. Original domain meshed

2.4.1 Gmsh Quality Parameters

As discussed in the studies of Marot and Remacle (2020) and Berger et al. (2025) mesh qual-
ity can be quanti ed with a variety of criteria. The following descriptions summarizes three

parameters provided by Gmsh that are commonly used in this context:
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" Signed Inverse Condition Number: SICN is a quality mesh parameter that analyzes
the Jacobian matrix (Berger et al., 2025). Low values of these parameters can introduce
roundo errors or reduce the rate of convergence of some iterative methods. It is cal-
culated based on the condition number of the mesh elements, which is the ratio of the

largest to the smallest singular value of the Jacobian matrix.

Gamma: Gamma parameter provides a measurement that is used to evaluate the quality
of a mesh element. It assesses an element to an ideal shape through a comparation
between the inscribed and circumscribbed radius. As mentioned by Berger et al. (2025),
a high value of gamma (near to 1) indicates that the element is well-shaped, while a low

value suggests that the element is poorly shaped.

Signed Inverse Gradient Error: SIGE is a quality mesh parameter that measures

the in uence of the error on the gradient approximation of the nite element solution
(Marot; Remacle, 2020). For hexahedral elements, this measure is the "scaled Jacobian".
It is calculated as the di erence between the expected and calculated gradient of the
element. Values near to 1 of SIGE indicates that the mesh is well conditioned and that

the nite element solution will be accurate.

2.5 Overview of Relevant Libraries and Packages

Several libraries were explored and employed for the Gmsh mesh generation process. Dur-
ing preprocessing phase, essential libraries included OpenCV (Bradski, 2000), speci cally for
the contour detection and manipulation. Pillow (Umesh, 2012) and scikit-learn (Pedregosa et
al., 2011) for image handling and transformations, and Matplotlib (Hunter, 2007) for plotting
and basic computations. In the mesh generation stage, PyVista (Sullivan; Kaszynski, 2019),
NumPy-STL (Harris et al., 2020), and meshlib (Developers, 2023) were used for cloudpoints
data handling and mesh construction. Matplotlib (Hunter, 2007) was also used for result vi-
sualization. Finally, Gmsh API was utilized to generate the mesh in the desired format. Fig-

ure 2.13 shows an overview of the python libraries that were used in this project.
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Figure 2.13: Overview of relevant libraries and packages.

2.6 Summary of relevant algorithms

2.6.1 Canny Edge Detection Algorithm

Jhon F. Canny (1986) proposed the widely used algorithm in computer vision to detect edges
within images. It is a multi-step tool that includes the application of Gaussian lIter for noise
reduction, then gradients of the image intensity calculation with Sobel operators, and nally,

a hysteresis thresholding stage to decide on strong, weak or non edges. An example of the
application of this algorithm on a CT scan image can be seen in Figure 2.14. The Canny
algorithm is implemented in OpenCV library, which is a powerful library for computer vision

tasks. For this case, it is possible to see how an image with the contours for every connected

region is obtained from the original image.
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Original Image

Canny Edge Filtered Image

Figure 2.14: Example of canny algorithm application on CT scan using OpenCV.

2.6.2 Convex Hull Algorithm

Algorithm of Sklansky (1982) facilitates the identi cation of the convex hull of a polygon
de ned by a sequence of n vertices. The algorithm systematically evaluates each vertex as can
be seen in Equation 2.1 by computing a quant8ywhich is used to determine the convexity
of the vertex. If the conditior§ <= 0 is met, the vertex is classi ed as convex; otherwise, it
Is removed from the sequence. Figure 2.15 shows an example of the algorithm applied to a set
of computed tomography. The algorithm used was implemented in the scipy library, which is
a powerful library for scienti c computing in Python. For this case, it its possible to see how
every connected region is represented by a polygon that contains all the points of the region.
In some cases this polygons are almost superposed, then in the methodology is presented an
algorithm to remove the polygons that are superposed not only for this case but also for the
other strategies.

S = Xisr * Xirr [ Y * Vil + . Yier ¥ Vi X F Xieg [ (2.1)
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Canny Edge Filtered Image Convex Hull

Figure 2.15: Convex Hull Algorithm.

2.6.3 Fast Parallel Algorithm

This algorithm proposed by Zhang and Suen (1984) is a special thinning algorithm that
identi es the skeletal pixels of a digital object. To get that it uses two kinds of iterations, the
rst to delete the south/east and the second to delete the north-west boundary points. Every
pattern is thinned to a set of conected voxels of unitary thickness that form the skeleton. For
the rst subiterations, a pointP; is deleted from the original digital pattern if it satis es the

conditions a and b of;
a) 2wB.P/ w6

by AP/=1
(2.2)

C) P2 P4 P6 =0

d) P4 Pe Pg =0
WhereA.P,/ represents the number of "0-1" patterns in the ord&rP; B; :::B andA. P,/ the
number of non-zero pixel neighbors of the point of interd3t Considering and example case

of points(binary pixels) : For the second subiteration, conditions ¢ and d should be satis ed.



33

Table 2.1: 3x3 Pixel Neighbors Bf.

Poi*1;j*1/ Poi*1:j/ Pai*1:j+1/
Po.iij * 1/ PLij/ Puiij + 1/
PLi+1;j*1 Psi+1j/ Psi+1j+1/

ConsideringP, = P, <Ps, then:

C) Pz < PX =0
(2.3)
d P <R=0
To solve this equation there are two cases to analyze, rdjfis di erent of zero, then:
P2:0éP8:O (24)
On the other hand, i is zero, then:
P,=04P;=0 (2.5)

An example of the application of this algorithm on a CT scan image can be seen in Figure 2.16.
The algorithm used was implemented in the scipy library. For this case, it is possible to see
how the original image is transformed into a skeleton of the connected regions. This tool will

be useful to represent the potential fractures in the CT scan.
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Canny Edge Filtered Image

Fast Algorithm Skeleton Image

Figure 2.16: Example of fast algorithm application on CT scan using scipy library.

2.6.4 Marching Cubes Algorithm

The marching cubes algorithm generates a surface mesh of triangles from connected voxel
scalar eld values that represent the geometry of a three-dimensional object. According to the
proposal of Lorensen and Cline (1998) , this algorithm was implemented in the well-known
scikit-image library that was used for this project. First, the algorithm classi es each point
in the scalar eld as being either an input or output value with respect to the isosurface of
interest-contour-of interest. Then, a cube is processed considering eight neighboring points
in the eld. Possible combinations for a single cube. The number of possible combinations
for a single cube is given bg® This gives 256 possible con gurations. However, Lorensen
was able to show that it is su cient to use only 15 cases to represent all the others as linear
combinations of these cases. For each of the cases, a particular triangulation is presented and

a way to mesh the three dimensional solid by processing systematically all elements.

2.6.5 Mesh Decimation Algorithm

Mesh decimation algorithm allows the mesh coarseness to be adjusted. This optimization is
particularly bene cial for enhancing computational e ciency when dealing with ne meshes.

The speci c algorithm employed in this project is the Kobbelt algorithm. As detailed by
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Kobbelt, Campagna, and Seidel (1998) in its pioneering article which has been implemented
within meshlib library. The Kobbelt algorithm operates by systematically reducing the num-
ber of vertices in a mesh. It treats each vertex as a potential candidate for removal, applying a
decimation criterion to determine if it should be eliminated along with its associated triangles.
The process involves multiple passes over all vertices in the mesh. During each pass, every
vertex is assessed against the decimation criteria, and if a vertex quali es, it and its connected
triangles are removed. Following vertex removal, the resulting gaps in the mesh are lled
through local triangulation techniques. This vertex removal and adjustment cycle continues
until a prede ned stopping condition is satis ed, which commonly includes achieving a spe-

ci c percentage reduction of the original mesh or adhering to a maximum decimation thresh-
old. A pertinent question in this context is: How many points are necessary for an adequate
representation of a 3D model's surface? According to Asgharian and Ebrahimnezhad (2020),
this depends on several variables, with one of the most critical being the required level of de-
tail for certain mesh areas. To facilitate faster 3D printing and more e cient computational

simulations, it is possible to decrease the points and faces to 10% of their initial quantities.

2.7 NeoPZ: Key Points

NeoPZ is an object oriented nite element environmment created by Devloo (1997). Some
of the library's key aspects include a strong separation between the geometric domain, an
approximation space and a variational statement to solve a di erential equation of interest.
The framework allows to work with continuous and discontinous Galerkin approximmations,
and di erent nite element variants. As a software that can be used for modelling both 2D and
3D domains, the framework include a base of elements comprised of vertex, edges, triangles,
quadrilaterals, pyramids, etc. In order to check the generated meshes, an H1 Classical nite
elements formulation was used to solve the Darcy Flow Problem, principal classes that were

necessary to con gure the experiments are shown in the diagram in Figure 2.17.
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TPZGeoMesh

- Elements

+AddElement(...)

TPZCompMesh

TPZVTKGeoMesh
- Materials
+InsertMaterial() +PrintGMeshVTK(...)
+AutoBuild()

TPZLinearAnalysis
TPZDarcyFlow +LoadSolution()
+SetSolver()
+SetConstantPermeability() +Assemble()
+Solve()
+Postprocess()
TPZBndCond
b TPZStepSolver TPZVTKGenerator
-bc_i
- bc_type ]
-SetDirect(...) +Do()
+CreateBC(...)

Figure 2.17: NeoPZ Classes

2.8 Darcy Flow Problem

The Darcy Flow law has its name in honor of the French engineer Henry Darcy who's ex-
periments of water owing through beds of sand allows him to formulated it. It was rst

introduced by Ewing (1983).
_ kA dp

= "o (2.:6)

Where:k represents the permeability of the mediumthe viscosity of uid andA the cross-

sectional area with respect to owdl represents the length over the pressure drop atjpithe
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total pressure drop. The Darcy equation is a fundamental principle used extensively to describe
and analyze groundwater ow, with broad applications in elds such as hydrodynamics, oil
recovery, chemical engineering, and many other areas of engineering. In this project, the

Darcy ow problem is formulated in its primal form as:

*div.K(u/=f in ;

2000 ) ) )

u.s = up.9 AsE) o (2.7)

22000 )

K(un= .9 AsE) u:

and 1 R. = 2;3/abounded domain. For this conteX{, represents the permeability
tensor, u the pression and the source term.up.§ and .9 represent the Dirichlet and

Neumann boundary conditions terms respectively.

2.8.1 FEM Classical Weak Formulation for Darcy problem

In order to solve the formulated problem, at rst the following approximation spaces are
de ned:
V./=n qEHL/; g9=uw.9;sE) p (2.8)

Vo./ =" WEHL/; w.g¢=0;sE) (2.9)

Multiplying Equation(1) by a test function v and integrating over the domain:

* oo div.K(UW/ vd = o fvd (2.10)

Then, by applying integration by parts (Green's identity) , the weak form of problem (1)

becomes:

FinduinV./ TH ./ such that:

o K(U (VA + g SV ds= g v AVEV,. / (2.11)

N



38

3 Methodology

3.1 Image Analysis

3.1.1 Data information

" Digital Rock 1 : The Original rock sample or Digital Rock 1 dataset is a collection of 2D
images of a 3D rock sample, obtained using X-ray microtomography (XRM) scanning,
these data were provided by the Center of Petroleum Engineering Studies of the UNI-
CAMP. The dataset contains 910 slices, each with a size of 616x676 pixels. The voxel size
Is 41.58 micrometers. Parameter values of the rock as porosity and permeability were

shared. It is possible to see the reconstructed original image in Figure 3.1.
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Figure 3.1: Digital Rock 1

" Digital Rock 2 : The Digital Rock 2 dataset is a collection of 2D images of a 3D rock sam-

ple, obtained using X-ray computed tomography (CT) scanning. The dataset contains
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500 slices, each one with dimensions of 500x500 pixels. The voxel size is 5.2 micrometers.
The dataset (Singh et al., 2025) detailed information of the rock sample. It is possible to

see the reconstructed digital image in Figure 3.2.
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Figure 3.2: Digital Rock 2

3.1.2 Setup and considerations

The original raw data received was read using a C++ code implementation. Extraction of
relevant information as coordinates of the di erent conected components was also done us-
ing the own custom algorithm. After that, image data was processed using Python 3.8.10, with
the following libraries: OpenCV 4.5.3, NumPy 1.21.2, Matplotlib 3.4.3, and Scikit-image 0.18.3.
The images were read in binary format, and the pixel values were normalized to a range of O

to 1 for further processing. In order to see more details about the C++ code it may be useful
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to see Appendix A. For the preprocessing stage, the median Iter with a kernel size of 9 and
the OpenCV smoothing technique were applied. In the segmentation stage, the most relevant
morphological parameter was the 'aspect ratio' and only this parameter was used to char-
acterize a digital particle as vug or fracture candidate. Di erent scores of aspect ratio were
considered in the literature review, research of XN Li et al. (2019) considered that fractures
must have an aspect ratio score far less than 1. In that case, vugs are model as nearly circular
geometries. The value of aspect ratio considered as limit to identify potential vugs and frac-
tures was 0.25. Entities with a score higher than this limit will inmediately be considered as
vug candidates and entities with a score of less than 0.25 as potential fractures. OpenCV and
scikit-learn were used to make the calculations of shape descriptors for every contour. For the
2D area tolerance, it was considered a value of 6 pixels. 3D meshes were generated initially
using the marching cubes through the scikit-learn library and decimated according to its size
1-2 times, 2 for the 5-biggest and 1 for the rest with an average tolerance 5% of the number of

points using the computational library meshlib.

" 2D Meshes: In this case, three algorithms were explored and detailed examples of
them are shown in the next sections. However, the selected algorithm was the self-
development one because of its coarseness adaptability and time e ciency. For every
2D mesh it is necessary to established a value of error tolerance in the geometric repre-
sentation of the original image. This value is de ned as the maximum distance between
the original image and the mesh generated. The error tolerance was set to 0.5 mm, which
is equivalent to 1 voxel in the images. The algorithm was implemented in Python using

OpenCV and NumPy libraries.

3D Meshes: In this case, the algorithm used was the marching cubes algorithm, which
Is a well-known algorithm for generating 3D meshes from 3D voxel data. The algorithm
was used through the scikit-image library. The marching cubes algorithm works by
iterating through each voxel in the 3D data and determining the intersection of the
isosurface with the edges of the voxel. The algorithm uses a lookup table to determine
the vertices of the mesh based on the voxel's corner values. The resulting mesh is then

smoothed using a Laplacian smoothing technique to improve its quality.



41

3.2 Image Preprocessing

This stage is responsible for preparing the images for segmentation and mesh generation
stages. The preprocessing stage is divided into two parts: the rst one is the analysis of the
2D images, and the second one is responsible for removing noise from the imagesage
analysis: The image analysis stage is responsible for analyzing the images and extracting
the relevant information from them. To illustrate di erent is considered the rst slice of the

Digital Rock 1 dataset, it is possible to see in Figure 3.3 how the image looks like.
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Figure 3.3: Slice 910 in the 3D original domain

b) Image denoising : Isolated pixels could cause numerical inestability in the mesh genera-
tion process. These kind of pixels could be then considered as noise and the image denoising
stage is responsible for removing noise from the images. An example of the image denoising

process is shown in Figure 3.4.



Filtered image

Figure 3.4: Preprocessing stage for a ct scan image
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3.2.1 Median Filter

The median Iter is an order-statistic Iter that is one of the well- known Iters in image
processing. As Gonzalez (2009) mentioned, this Iter replaces the value of a pixel by the me-
dian of the intensity levels in its neighborhood . ConsideriBg as a subimage(neighborhood)
that is centered on pointx;y/, the value of the pixel atx;y/ is included in the computation

of the median as it can be seen in Equation 3.1:
f.x;y/ = mediang.r;d/;.r;d ESy (3.1)

The median is a value in a set such that half of the values are less than or equal to it and half
are greater than or equal to it. To apply median Itering at a speci ¢ point in an image, it

IS rst necessary to arrange the pixel values in the surrounding area in ascending order, nd
their median, and then assign this median value to the corresponding pixel at the center of
the neighborhood in the Itered image. For instance, in a 3 x 3 neighborhood, the median
is the 5th value in the sorted list, while in a 5 x 5 neighborhood, it is the 13th value, and
so forth. A median Iter with a kernel size of 5 was applied as a preprocessing step using
the function cv2.medianBlur of the python library OpenCV. Another important step was the
edges detection that was faced through the use of cv2.canny() function. A general work ow

of the followed process to create the meshes is shown in Figure 3.5.

Image Image Mesh

Preprocessing Segmentation Generation

Figure 3.5: Mesh generation stages.

3.3 Image Segmentation

This stage focuses on identifying and segregating di erent regions of interest in an image,

such as vugs and fractures. The segmentation process is divided into two parts: the rstin-
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volves highlighting the heterogeneities of the rocks, and the second one consists of classifyung

of vug and fracture candidates based on their geometrical characteristics.

3.3.1 Size descriptors

Mohanty et al. (2013) highlighted the use of shape descriptors for image classi cation tasks
in di erent contexts. Size descriptors are general geometric parameters that allow the calcu-
lation of more complex indicators, such as shape descriptors. By using the shape descriptors,
it is possible to geometrically characterize the connected components in the computer tomo-

graphies, for this section connected components are named as digital particles.

" Surface Area: The surface area of a digital particle is de ned as the total area occupied
by the pixels of the particle. In fact, this area will be a projected area that can be obtained
by multiplying the area of a pixel and the total of pixels. An illustration of this parameter

can be seen in Figure 3.6.

Figure 3.6: Surface Area representation

" Perimeter : The perimeter of a digital particle is de ned as the total length of the edges
of the pixels that form the particle. This parameter can be calculated by summing the
lengths of all edges of the pixels that are part of the digital particle. An illustration of

this parameter can be seen in Figure 3.7.
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| ol

Figure 3.7: Perimeter representation

" Major and Minor axes : The major and minor axes of the tted ellipse to a geometry
are size descriptors rst proposed by XN Li et al. (2019). To calculate these parameters
easily it is really important to adjust an ellipse rst to the digital particles. It is possible

to see an illustration of this parameters in Figure 3.8.
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Figure 3.8: Major and minor axes illustration

~ Minor Circumscribed circle radio : The radius of the smallest circumscribed circle

is de ned as the radio of the circle form considering as diameter the largest distance
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between any pixel of the particle, this parameter was introduced by Wadell (1932) and

it is possible to see an illustration of it in Figure 3.9.
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Figure 3.9: Minimum circumscribed radius illustration

Volume : The volume of a digital particle is usually interpreted as the space occupied by
it. In this way, it is de ned as the number of total voxels belonging to the same object.

An example of the volume of a particle of interest in its voxelized form can be seen in
Figure 3.10.

Figure 3.10: Voxelized volume example
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3.3.2 Shape descriptors

To exemplify shape descriptors used for the context of the CT scan digital particles charac-
terization. It is possible to see in gure Figure 3.11 how some particles are highlighted with

red bounding boxes. Then, the geometries extracted are shown in Figure 3.12 one by one.

Figure 3.11: CT scan tomography considered for testing some shape descriptors

Itis possible to see the morphological parameters calculations for each one in Table 3.1.

1 2 3

scaled x1.5 scaled x1.5 scaled x3

Figure 3.12: CT scan tomography considered for testing some shape descriptors

" Convexity : The 2D convexity (or solidity), denoted b§y, is calculated as the ratio
between the area of the 2D projection of the object (considering it as 3D partiéle),

and the area of the minimum convex boundary that circumscribeéijt, The formula is
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Table 3.1: Some shape descriptors for the CT scan geometries ("-" implies dimensionless).

Morphological parameters 1 2 3

Perimeter pixel) 525.81 745.11 413.33
Major Ellipse axeixel) 145.85 132.75 65.41
Minimum Ellipse axegixel) 34.87 30.32 38.96

Minimum circle radio pixel) 71.56 67.79

36.17
Area (pixeP) 3573 2299 1719

Convexity (-) 0.865 0.5542 0.749
Radial Variance (-) 240.54 300.38 31.17

Area Sphericity (-) 0.222 0.159 0.418

Diameter Sphericity (-) 0.471 0.399 0.647
Surface Area Sphericity () 3.619 3.183 1.442

Aspect Ratio (-) 0.239 0.228 0.596

expressed as:

2D : CX=A

Ac
For the 3D case, ¥ is considered as the volume of the digital particle aidhe volume

of the minimum convex hull that circumscribes the particle. Then, the measure that

compares these volumes can be expressed by the following formula:

. The convex hull of a digital particle is shown in Figure 3.13.
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Figure 3.13: Convexity of a digital particle

" Circularity : The circularity of a 2D particle is calculated by using the formula:

where:

A is the area of the 2D projection of the patrticle.

P is the perimeter of the 2D projection of the particle.

" Intercept sphericity : The intercepted sphericity for a 2D particle is calculated with the
formula:

_ &
SI—dl

where:

d; is the length of the 2D projection of the patrticle.

d, is the width of the 2D projection of the particle.
For the 3D case, the formula that can be used is:

3[é hds
ch

SI=
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In this case:

d, is the length of the 3D patrticle.
d, is the width of the 3D particle.
ds is the thickness of the 3D patrticle.

" Area sphericity : As described by Riley (1941), the area sphericity for a 2D particle

projection, is calculated by the following formula:

where:

A is the area of the 2D projection of the patrticle.

A is the area of the smallest circumscribed circle to the 2D particle.
For the 3D case, Similarly, the area sphericity for a 3D particle is given by:

Vv
SA= —
Vcir

where:

V is the volume of the 3D patrticle.
Vi Is the volume of the smallest circumscribed sphere around the 3D patrticle.

" Diameter sphericity : According to Wadell (1932), the diameter sphericity for a 2D

particle is calculated by the formula:

De
SD= —
Dcir

where:

D, is the diameter of a circle that has the same area as the 2D projection of the

particle.

D.ir is the diameter of the smallest circumscribed circle around the 2D projection

of the particle.
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The diameter sphericity for a 3D particle is given by:

De
SD= —
Dcir

In this case:

D. is the diameter of a sphere that has the same surface area as the 3D particle.
D.ir is the diameter of the smallest circumscribed sphere around the 3D particle.
Circle ratio sphericity : The circle ratio sphericity for a 2D particle can be calculated

by using the formula:

SC=

where:

Dins is the diameter of the largest inscribed circle in the 2D projection of the patrticle.
D.ir is the diameter of the smallest circumscribed circle around the 2D projection
of the particle.

Similarly, for a 3D patrticle, the circle ratio sphericity is given by:

Dins

SC=
Dcir

where:

Dins is the diameter of the largest inscribed sphere in the 3D particle.

D.ir is the diameter of the smallest circumscribed sphere around the 3D particle.

Surface area sphericity : As described by Kuo and Freeman (2000), the surface area

sphericity for a 2D particle is calculated by:

Pe
Sp= -°
P

where:

P. is the perimeter of a circle that has the same area as the 2D projection of the

particle.
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P is the perimeter of the 2D projection of the particle.
Similarly, for 3D particles, the surface area sphericity can be calculated as:

Ae
sp="®
As

where:

A is the surface area of a sphere that has the same volume as the 3D patrticle.

Asis the surface area of the 3D particle.

~ Aspect Ratio: To calculate this parameter, each particle is modeled as an ellipse (Jia et
al., 2022). Then, an ellipse is tted using the least squares with the help of scikit library.

The aspect ratio is calculated by using the formula:

LENnin

Aspect= L ENoay

where LEN,i, and LEN, s« are the minor and major axes of the tted ellipse, respectively.

3.4 Mesh Generation strategies

3.4.1 Mesh strategies in 2D

On the premise that vug is an ori ce in a porous medium relatively large compared to pore
size. Two main classes of digital particles(white) were distinguished in the rocks tomography,
as a binary image it is important to mention that the black color represents the rock properly.

An example of classi cation of potential vugs and fractures is shown in Figure 3.14.
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Figure 3.14: Fracture and vug candidates

For the vugs (elements in blue) the proposed meshing algorithms are explained in sections

3.6.1 to 3.6.3, while for the fractures (elements in red) another analysis is done.

" Mesh Method 1 The rstalgorithm aims to simplify complex contours while preserving
their overall geometry. It iteratively removes points from contours, starting with those
that have the leastimpact on the shape's area, until a speci ed error threshold is reached
or a maximum number of iterations is exceeded. This process is particularly useful for
reducing the complexity of meshes used in nite element analysis, where overly complex
meshes can lead to computational ine ciency. For this rstcase, Algorithm 1 is used and
an example of its application is shown in Figure 3.15. Algorithm 3 was also necessary at

the end to make sure no overlapping contourns exists.



54

Algorithm 1 Contour Simpli cation Algorithm

1:

NNNNRRRERRLRRRPRR
WP QOXNOORR®WDNRO

NN
@ a

27:
28:
29:

N

Procedure ContourSimplification (contoursLi¥t

Input: contoursList (list of contours)

Output: simpli ed contoursList

Centroid and Area Calculation

for each contouii EcontoursLisio
Calculate centroid coordinate€x; cy and area ared using OpenCV's moments
Estimate equivalent diameteeq diametédr

end for

Point Reduction

: for each contoulj EcontoursLisio

Set initial area ared/
Setindexidx/ C 1
Set check countercheckC 0
while check dength.contoursLi§t]/ andidx < 100do
Create temporary contourLtempg by removing next point
Calculateare of Ltemp
if *errorLimw ared * are2 w errorLinthen
UpdatecontoursLifjt] with Ltemp
else
Incrementidx
end if
if np.array_equatfontoursLi§t]; Ltemp then
Incrementcheck
else
ResetheckC 0
end if
end while
end for
End Procedure
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Figure 3.15: Example of mesh generated with the rst algorithm

" Mesh Method 2 The second method studied was the convex hull for the 2D case using
the Sklanky's algorithm through OpenCV convexhull function. Although this method
produce coarser meshes, in this cases it could exist a lost of information of the orig-
inal CT scan geometries. For this case, Algorithm 2 was used and an example of the

application of this method is shown in Figure 3.16.
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Algorithm 2 Contour Simpli cation from Image
1: Procedure SimplifyContours (img)
Input: img (Image le path)
Output: contoursList (List of simpli ed convex contours)
Load Image
Read the image leémg using OpenCV's cv2.imread function
Edge Detection
Apply Canny edge detection using cv2.Canny with parameters 150 and 300
This step identi es edges in the image based on intensity gradients
Contour Detection
: Find contours using cv2. ndContours on the edge-detected image
. Retrieve all contours and their hierarchical relationships using cv2.RETR_TREE
: Compress horizontal, vertical, and diagonal segments using
cv2.CHAIN_APPROX_SIMPLE
13: Contour Filtering
14: Create a new listontoursListontaining only contours with more than 5 points
15: This step removes small or noisy contours
16: Contour Convex Hull
17: for each contourc EcontoursLisdo
18: Calculate the convex hull of the contour using cv2.convexHull
19: Replace the original contour with its convex hull
20: end for
21: End Procedure

© o N DN

R
N B O

Figure 3.16: Example of mesh generated with the second algorithm
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" Mesh Method 3 The third method consists of the high-cost, real ne mesh, which is
generated by considering all the pixels of the contours of a digital particle as points for
the mesh. Figure 3.17 shows an example of the application of this method. For this
and the previous methods, Algorithm 3 was also necessary at the end to make sure no

overlapping contourns exists.

Algorithm 3 Intersecting Convex Hulls Detection

1:
2:
3:

© N g

10:
11:
12:
13:
14:
15:
16:
17:
18:

Procedure DetectintersectingHulls  (contoursLigt
Input: contoursList (List of contours)
Output: intersected (List of tuples containing indices of intersecting hulls and their in-
tersection points)
Convex Hull Calculation
Calculate the convex hull for each contour gontoursLigising cv2.convexHull
Store the convex hulls in a new ligtulls
Hull Intersection Check
Function are_hulls_intersectindiulll, hull2)
Calculate the intersection diulll andhull2 using cv2.intersectConvexConvex
Return True if intersection area 0
Intersection Detection
for each pair of hullsi;j/ in hullsdo
if are_hulls_intersectindnulldi], hullgj]) then
Append the tuple.i; j; intersection points to intersected
Remove the hull with the smaller area frosontoursList
end if
end for
End Procedure
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Figure 3.17: Example of mesh generated with the third algorithm

As seen in the previous meshes, the fractures are all consider as lines, and the skeletonize
algorithm allows to accomplish this. The method skeletonize works by making successive
passes of the image, removing pixels on object borders. This continues until no more pixels
can be removed. The image is correlated with a mask that assigns each pixel a number in the

range [0, 255] corresponding to each possible pattern of its 9 neighboring pixels.

3.4.2 Mesh strategies in 3D

" Mesh Method 1 Itis possible to see in Figure 3.18 an example of vug built from voxels.
The marching cubes algorithm proposed by Lorensen and Cline (1998) is applied to mesh
its contour surface, which allows to extract the triangulations for the surface contour of

the volume. The Marching Cubes algorithm consists of several key steps: beginitemize
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1 2 3

Figure 3.18: Dierent vugs representations 1. Vug voxelized 2. Marching cubes resulting

surface 3. Marching cubes surface superposed within the original voxelized vug

-Grid Division: The process begins by creating a scalar eld from the original domain of
the 3D geometry. To create this eld, each cube is considered, with every corner treated

as a point.

-Vertex Classi cation: For every corner of the cube, it is determined whether they are
inside or outside the iso-surface(contour surface). Then, various con gurations are ob-

tained based on which corners are inside or outside.

-Triangulation: For cubes that straddle the iso-surface (where some vertices are inside
and some are outside), triangles are generated to represent the surface within that cube.
This is achieved using a precomputed lookup table that maps each unique con guration

to its corresponding triangulation pattern Figure 3.19.

-Surface Reconstruction: Finally, the generated triangles are combined to form a con-
tinuous triangle mesh that represents the boundary surface of the voxel-based 3d object

and this mesh can then be used for visualization or further processing.
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Case 0 Case 1 Case 2 Case 3 Case 4

Figure 3.19: Marching cubes principal cases

For geometries with a large number of voxels it could be very useful to simplify it, to
computationally reduce cost but with a controllable way of coarseness. Then, the dec-
imation process for these cases is used. It involves making several passes over all the
vertices in the mesh. During each pass, every vertex is considered for removal. If a ver-
tex meets the decimation criteria, it and all the triangles connected to it are removed.
The resulting gap in the mesh is then lled by creating a local triangulation. This process

of removing vertices and adjusting the criteria continues until a stopping condition is
met. Typically, this condition is de ned as a percentage reduction of the original mesh

or a maximum decimation value. This process consists of three main steps:
1. Describe the geometry and topology of the vertex.
2. Check if the vertex meets the decimation criteria.

3. Fill the resulting gap with new triangles. The decimation process is applied to the

mesh generated by the marching cubes algorithm. Figure 3.20 and Figure 3.21 shows
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some examples of the application of this algorithm with the surface triangulation sim-

pli cation on the right and the tetrahedralization on the left.

3D Elements

=2

3D Elements

3D Elements

2D Elements

2D Elements

2D Elements

Figure 3.20: Mesh decimation application example 1
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Figure 3.21: Mesh decimation application example 2

In the case of fractures the method used was also a di erent one of that from the 2D case. The
algorithm used consisted in rst nding the projection of the 3D geometry by using Algorithm

4 that is a fracture candidate and then calculating the convex hull points of it. Then, the count
of points by plane was done with Algorithm 5 and the contourns points were nd using the

algorithm 6.
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Algorithm 4 Counting Points on 3D Planes
1: Procedure CountPointsOnPlanes (point9

2: Input: points (List of 3D points with X, y, and z coordinates)
3: Output: counts_xy, counts_xz, counts_yz (Dictionaries containing counts of points on
planes)

4. Convert the input points to a NumPy array for e cient operations

5. Find the unique values along each axis (X, y, z) usipgnique

6: Create Dictionaries for Counting

7: Initialize countsxy, countsxz, andcountsyz as empty dictionaries

8: Count Points on Planes

9: for each unique value in the z-coordinateslo

10:  Count points inpointswhere the z-coordinate equalsusingnp.sum(points[:, 2]
== 2)

11:  Store the count ircountsxy with the key z

12: end for

13: for each unique valug in the y-coordinatesdo

14. Count points inpointswhere the y-coordinate equalg using np.sum(points:,
1] ==y)

15:  Store the count ircountsxz with the keyy

16: end for

17: for each unique valug in the x-coordinatesio

18:  Count points inpointswhere the x-coordinate equals using np.sum(points[;,
0] == x)

19:  Store the count ircountsyz with the key x

20: end for

21: End Procedure
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Algorithm 5 Filtering Points by Plane
1: Procedure FilterPointsByPlane (points plane type plane valug

2: Input:

w

points (List of 3D points with x, y, and z coordinates)

B

plane_type (String, either 'xy', 'xz', or 'yz")

a

plane_value (The unique value that de nes the plane)

6: Output:

7. ltered_points (List of points on the speci ed plane)

8: lengthExtrude (Value representing extrusion extent for gmsh)

9: Convert the input points to a NumPYy array for e cient operations

10: Calculate lengthExtrude based on the plane_type:

11: if planetypeis 'xy' then

12:  Calculate lengthExtrude as the di erence between the maximum and minimum z-values
using np.max(points[:, 2]) - np.min(points[:, 2])

13: else if plane typeis 'xz' then

14: Calculate lengthExtrude as the di erence between the maximum and minimum y-
values usinghp.max(points[:;, 1]) - np.min(points[:, 1])

15: else if plane typeis'yz' then

16: Calculate lengthExtrude as the di erence between the maximum and minimum x-
values usinghp.max(points[;, 0]) - np.min(points[:, 0])

17: end if

18: Filter points based on the plane_type and plane_value:

19: if planetypeis 'xy' then

20:  Filter points where the z-coordinate equaltane valuausingpoints[points[:, 2]
== plane_value]

21: else if plane typeis 'xz' then

22:  Filter points where the y-coordinate equafdane valueusing points[pointsl[:,
1] == plane_value]

23: else if plane typeis'yz' then

24. Filter points where the x-coordinate equafsane valueusing points[points[;,
0] == plane_value]

25: end if

26: Store the Itered points infiltered points

27: End Procedure
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Algorithm 6 Finding Contour Points

1:

2:

w

»

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

29:

Procedure FindContourPoints (filtered points plane type
Input:

Itered_points (List of Itered 3D points)

plane_type (String, either 'xy', 'xz', or 'yz")

: Output:

contour_points (List of 2D contour points)

convex_hull_vertices (Indices of convex hull vertices)
Convert the inputfiltered pointsto a NumPy array
Extract constant value along the axis that is not part of the contour:
if planetypeis 'xy' then

The constant value corresponds to the z-coordinate
else if plane typeis 'xz' then

The constant value corresponds to the y-coordinate
else if plane typeis 'yz' then

The constant value corresponds to the x-coordinate
end if
Remove the constant coordinate to create 2D contour points:
if planetypeis 'xy' then

Remove the z-coordinate using.delete(filtered_points, 2, axis=1)
else if plane typeis 'xz' then

Remove the y-coordinate using.delete(filtered_points, 1, axis=1)
else if plane typeis 'yz' then

Remove the x-coordinate using.delete(filtered_points, 0, axis=1)
end if
Store the result ircontourpoints
Find the convex hull of the 2D contour points:
UseConvexHull ~ from SciPy's spatial library to nd the convex hull ofontourpoints
Extract the indices of the convex hull vertices and store thentonvexhull_vertices

End Procedure
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4 Results and Discussion

Meshes for both 2D and 3D domains were generated from CT scan data of two di erent rock
samples, a homogeneous sandpack and a more geologically heterogeneous sample in terms of
void space geometries. In both cases, image data was initially binary. For all the 2D generated
meshes, the algorithm 2 was used and the tolerance considered for the di erence of area in the
connected components is 0.05. The preprocessing tecnique that was applied was the median

Iter with a kernel size if 9 pixels. For the 3D meshes, the Marching Cubes algorithm was used
to extract isosurfaces from volumetric CT data, through the scikit-image library (Pedregosa
et al., 2011) followed by a mesh decimation process to reduce complexity while preserving
geometric delity. Some simple tests were performed to check the applicability of the meshes
generated for FEM simulations. A graphic with the boundary conditions applied to the meshes
is shown in Figure 4.1. In this case, the left side of the mesh is considered as the inlet and the
right side as the outlet. The top and bottom sides are considered as no- ux subdomain. The
pressureu;, = 10MPais applied to the inlet and the outlet is considered ag; = 200MPa

The permeability of the vugsis considered kgq = 10Pm? and the permeability of the rock

domain is considered dg,.= 1072 n?.

Figure 4.1: Boundary conditions schematic region for FEM simulations
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4.1 2D Mesh Results

Three meshes were generated using data of the original rock data and also three meshes con-
sidering the sandpack rock data. The rst mesh generated is shown in Figure 4.2. Itis possible
to appreciate that every white conected component in the images of the right is represented

in a discrete way on the left.

2D Mesh Slice 781

Figure 4.2: Mesh obtained from CT Scan 780 of 910

Figure 4.3 shows the mesh obtained from the CT scan 780 of 910. As in the previous case, the
gure from the right is the image of a 2D slice and the gure on the left is the mesh generated

using Gmsh.
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2D Mesh Slice 1

Figure 4.3: Mesh obtained from CT Scan 1 of 910

The last mesh generated using one of the slices of the orginal rock is shown in Figure 4.4.
This mesh has less connected components compared to the previous ones, however the time

on mesh generation is quite similar as shown in Table 4.1.

2D Mesh Slice 26

Figure 4.4: Mesh obtained from CT Scan 26 of 910
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Table 4.1 shows the mesh parameters for every mesh presented previously. Although, there

Is a considerable diference between nodes and triangle elements of these meshes the time

Gmsh takes to create the triangulations for all of them is aproximately 5 seconds.

Table 4.1: Mesh parameters of 2D original data

Parameter Mesh slide 1 Mesh slide 26 Mesh slide 780
Nodes 3786 2565 2725
Points 623 296 482
Lines 725 389 584

Triangles 8910 5032 5350

Time 1D Mesh(s) 2.45 231 2.05
Time 2D Mesh(s) 3.18 3.27 3.02

To examine the the applicability of the 2D proposed methodology, three meshes were gen-

erated using a separate dataset, consisting of a sand pack rock. The rst mesh generated using

the sandpack data is shown in Figure 4.5. It is observe that every white conected component
in the image of the right is represented in a discrete way on the left.

2D Mesh

Slice 77

Figure 4.5: Mesh obtained from CT Scan 77 of 600
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Figure 4.6 shows the mesh obtained from the CT scan 231 of 600. It is important to notice
that the geometry of the vugs is more regular than the previous cases, with data from the

original rock. This will be discussed deeply after as part of the rock's data analysis.

2D Mesh Slice 231

Figure 4.6: Mesh obtained from CT Scan 231 of 600

In Figure 4.7 is shown the last mesh generated using the sandpack data. This tomography
as the previous ones from the same type, has more porous area(white pixels) than the images

of the original rock data.

2D Mesh Slice 600

Figure 4.7: Mesh obtained from CT Scan 600 of 600
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Table 4.2 shows the mesh parameters for all the meshes presented previously. In this case,
all meshes are quite similar in terms of time for these meshes with the original rock. However,

for these meshes, the time that Gmsh took to generate the triangulations is between 19 and 23

seconds.

Table 4.2: Mesh parameters of Sandpack 2D

Parameter Mesh slide 77 Mesh slide 231 Mesh slide 600

Nodes 3851 3881 3343
Points 1138 1177 873
Lines 1226 1265 969
Triangles 7628 7684 6610
Time 1D Mesh(s) 12.04 9.87 8.98
Time 2D Mesh(s) 11.72 10.92 10.77

To validate the generated meshes compatibility for FEM simulations, it was considered the
slide 77 of the sandpack rock and a FEM Darcy Flow simulation was performed using NeoPZ
(Devloo, 1997). The pressure result is shown in Figure 4.8. As all vugs have the same perme-

ability there is an e ect in the pressure distribution, vugs subdomain is distinguished visually

in this gure.
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Figure 4.8: Pressure result of 2D sandpack rock FEM simulations

For the case of pression, it is possible to see the uid pro le in Figure 4.9. The pressure
pro le plot is shown at y=200 pixels. From Figure 4.9, it can be observed that the pressure is
increasing from left to right but there are some areas where it is constant, this is because the

vugs have the same permeability and the uid can ow through them without a pressure drop.
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Figure 4.9: Fluid pressure pro le at y=200 pixels for 2D sandpack rock FEM simulations

4.2 3D Mesh Results

Figure 4.10 presents some connected components statistics for original and Iltered data of
the rst rock. In blue, the statistics of the original data show that most of the connected
components are in the rst group (size lower than 8 voxels). In green, the statistics of the
ltered data where it is possible to see that most of the connected components are bigger
than 1000 voxels. The original data has almost 80% of connected components with less than
32 voxels, with the preprocessing stage applied these entities are simpli ed and data analysis

becomes more e cient.
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Figure 4.10: Digital rock's connected components statistics of original data(blue) and prepro-

cessed data(green)

Speci c statistics for original data of the previous histograms can be seen in Table 4.3. Itis
important to mention that as the dimensions of the image are 616 x 676 x 910 voxels, there are
aproximately 379 millions of voxels in total in this domain. Consequently, entities comprising

fewer than 8 voxels, which constitute less than 0.001% of the total volume, are excluded from

consideration.
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Table 4.3: Statistics of original data

Voxels Quantity.n/ Number of connected region®"/ Percentage of connected components

3 56324 67.710
5 12060 14.498
7 6411 7.707
9 4392 5.279
11 2538 3.051
13 1038 1.247
15 331 0.398
17 75 0.090
19 12 0.014
21 1 0.001
23 1 0.001
25 1 0.001

Table 4.4 shows the statistics of the preprocessed data. It is possible to see that the number

of connected regions is smaller than the values for original data.



76

Table 4.4: Statistics of preprocesed data

Voxels Quantityn Number of connected region®"/ Percentage of connected components

3 5622 31.13
5 3708 20.53
7 3296 18.25
9 2625 14.54
11 1682 9.31
13 767 4.25
15 252 1.39
17 86 0.48

19 14 0.08

21 3 0.02

23 5 0.03

25 0 0

Analyzing both original and Itered data again, but to count void space for each slice of
the rock, it is possible to see in Figure 4.11 that there are not major di erences between this
parameter for the Sandpack rock. This result corresponds with expectations, since the voids

of this sample resemble each other.
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Figure 4.11: Porosity Diagram SandPack rock

Figure 4.12 shows a high variability of void space number of voxels compared to the Sand-
pack rock, the original data presents more hetereogenous void shapes and it can be considered
as the high hetereogeneity case for the rock samples considered in this project. Although the
Sandpack rock presents a total void space of approximately 200 000 voxels per slice and the
original rock has values between 40 000 and 90 000 voxels per slice, Sandpack rock has lower

uctuation of this parameter. The Sandpack sample them is considered as the homogeneus

case of analysis.

Figure 4.12: Porosity Diagram
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A 3D mesh was generated using some of the biggest connected components of the original
data, which is depicted in Figure 4.13. The image on the top shows every entity using the
opensource software Paraview, while the gure on the bottom represents the discrete version

using the Gmsh Gui

Figure 4.13: Mesh of biggest vugs of the original domain

For this mesh, a graphic with percentages of volume similarity between the volumes in
Paraview and Gmsh are shown in Figure 4.14 .1t is possible to see that volume similarity is low
compared to the sandpack rock. However, in most of the cases volume similarity is around
80% .
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Figure 4.14: Volume similarity percentage for 3D original mesh

Detailed information for this histogram is shown in Table 4.5. The tetrahedralization of this
mesh can be seen in Figure 4.15 and resultant mesh statistics as number of nodes, points, lines

and tetrahedra are shown in Table 4.6.



Table 4.5: Volume similarity percentage 3D original mesh

Vug ID % Volume similarity

1 73.87
2 76.33
3 81.24
4 88.11
5 78.69
6 80.57
7 81.97
8 95.52
9 75.47
10 85.27
Average 81.70

Figure 4.15: Result of 3D original domain tetrahedralization

80
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To check the mesh generated, a FEM Darcy Flow simulation was performed using Neopz
(Devloo, 1997). The pressure resultis shown in Figure 4.16 and the ux resultin Figure 4.17. In
this case, it is important to mention that it was considered a lower opacity for the rock domain
and opacity for the vugs subdomain, this allows to see the pressure and ux distribution in

the vugs.

Figure 4.16: Pressure result of 3D original rock FEM simulations
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Figure 4.17: Flux result of 3D original rock FEM simulations

Table 4.6: Mesh parameters Original 3D

Parameter Mesh slide 600
Nodes 6166
Points 3560
Lines 8068

Triangles 10773

Tetrahedra 35052
Time 1D Mesh(s) 27.12
Time 2D Mesh(s) 34.27
Time 3D Mesh(s) 3.81

Mesh quality parameters, such as Gamma, SIGE and SICN for the original data are shown
in Figure 4.18. It is possible to notice that all the three curves, there are two that presents a
peak of elements aproximately in an score of 0.85 quality. The third curve in brightly blue

color represents the Gamma quality parameter, it does not have a peak in this range and its
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distribution is more uniform. For this mesh Gamma quality looks small. Then, an Histogram

for the distribution of elements Gamma quality is shown in Figure 4.19.

Figure 4.18: Quality score curves vs Number of elements(Gamma in Blue, SIGE in Light blue
and SICN in Gray)

Figure 4.19: Histogram of Gamma Quality Range Original data
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Detailed values of the quality parameters are shown in Table 4.7. It is possible to see that
e ectively there are more elements with a quality score of less than 0.3 in the case of gamma

parameter, but the percentage of all of them is not higher than 5%.

Table 4.7: Quality parameters of original mesh

Quality %Elements %Elements %Elements

score Gamma SICN SIGE

0.0-0.1 0.82 0.27 0.25

0.1-0.2 141 0.66 0.39

0.2-0.3 241 1.80 0.73

0.3-04 7.32 5.54 2.63

0.4-0.5 10.64 8.62 5.17

0.5-0.6 14.66 12.56 8.66
0.6-0.7 17.34 16.97 13.95
0.7-0.8 19.25 20.46 22.47
0.8-0.9 17.95 21.74 28.52
0.9-1.0 8.21 11.38 17.23
Average 0.65 0.68 0.75

The 3D mesh generated using some of the biggest connected components of the sandpack
datais shown in Figure 4.20 and it is possible to appreciate that every entity in the image above

is represented in a discrete way below.
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Figure 4.20: Mesh of biggest vugs of the SandPack domain

Figure 4.21 shows a graphic with percentages of volume similarity between the volumes in
Paraview and Gmsh. It is possible to see that volume similarity is high than in the original
rock 3D mesh. In this case for most of the connected components, the volume similarity is

around 90% .
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Figure 4.21: Volume similarity percentage for 3D sandpack mesh

Detailed information for this histogram is shown in Table 4.8. The tetrahedralization of this
mesh can be seen in Figure 4.22 and some mesh statistics of the mesh as number of nodes,

points, lines and tetrahedra are presented in Table 4.9.



Table 4.8: Volume similarity percentage

Vug ID % Volume similarity

1 94.47
2 92.31
3 96.43
4 90.62
5 94.66
6 90.12
7 92.25
8 88.34
9 80.96
10 87.18

Average 83.09
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Figure 4.22: Result of 3D sandpack domain tetrahedralization

To check the mesh generated, a FEM simulation was performed using NeoPZ (Devloo, 1997).
The pressure result is shown in Figure 4.23 and the ux result in Figure 4.24. In this case, it is
important to mention that it was considered a lower opacity for the rock domain and a higher
opacity for the vugs subdomain, this allows to see the pressure and ux distribution in the

vugs.



Figure 4.23: Pressure result of 3D sandpack FEM simulations
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Figure 4.24: Flux result of 3D sandpack FEM simulations

Table 4.9: Mesh parameters SandPack 3D

Parameter Result
Nodes 6362
Points 3441
Lines 10275

Triangles 7208

tetrahedra 37646
Time 1D Mesh(s) 23.81
Time 2D Mesh(s) 17.49
Time 3D Mesh(s) 1.241

Mesh quality parameters, such as Gamma, SIGE and SICN are shown in Figure 4.25. The
SIGE and SICN metrics show sharp peaks near a quality value of 0.8, indicating that most
elements fall within a narrow high-quality range. Speci cally for SICN quality two peaks can

be distinguished, the rst one in 0.7. In contrast, the Gamma quality distribution is broader



91

and more gradual, with no distinct peak, re ecting a wider spread of element quality. From
this gure, it is possible to noticed that for this mesh too, Gamma quality looks lower. An

Histogram for the distribution of elements Gamma quality is shown in Figure 4.26.

Figure 4.25: Quality score curves vs Number of elements(Gamma in Blue, SIGE in Light blue
and SICN in Gray)

Figure 4.26 visually suggests a reduced quality in the gamma category. Figure 4.26 and

Table 4.10 shows that e ectively there are more elements with a quality score of less than 0.3.

Figure 4.26: Quality of Gamma Quality of the elements in the mesh
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Table 4.10 shows that in this case quality parameters have a higher quality mean score com-

pared to the original rock mesh.

Table 4.10: Quality parameters of Sandpack mesh

Quality %Elements %Elements %Elements

score Gamma SIGE SICN
0.0-0.1 2.06 0.17 0.48
0.1-0.2 1.31 1.02 1.03
0.2-0.3 1.42 1.18 1.45
0.3-0.4 5.39 2.58 3.79
0.4-0.5 9.13 4.79 7.27
0.5-0.6 14.17 7.01 11.75
0.6-0.7 18.12 12.88 17.64
0.7-0.8 20.78 22.44 21.37
0.8-0.9 19.18 29.93 23.43
0.9-1.0 8.43 17.98 11.78

Average 0.66 0.75 0.70
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5 Conclusions

This project aimed to develop a methodology for generating nite element meshes from
computed tomography data of rock samples. This goal was succesfully accomplished through
the presented integrated solutions that combined both literature and custom-developed algo-
rithms. Results showed that the method is capable of generating meshes from di erent types
of microtomography CT scan data of rocks, including both 2D and 3D domains. This work
addresses a fundamentally challenging problem: transforming raw binary CT data into us-
able nite element meshes, particularly given the vast amount of information contained in
rock samples. In the case of the samples considered for this project, sizes of data are between
60C¢ and 50F voxels, then a number of voxels in the range of hundreds of millions is formed.
Thereby, making e orts on image reconstruction, segmentation, and mesh generation is com-
putationally demanding. Identi cation and processing of very small connected regions further
hamper the meshing stage as their irregularity and fragmentation make them di cult to treat.

It was, therefore, not only bene cial but essential to have a preprocessing pipeline acting as a

mediator to manage such complexity.

Relevant contributions of this work includes the proposal of 2D and 3D independent method-
ologies for generating nite element meshes. In the case of 2D method, there were presented
three methods: a high-cost pixel based model, a low-cost and information model and a novel
2D meshing technique based on an area tolerance criterion. Aditionally, this project incorpo-
rated morphological characterization of di erent connected components in the domains using
shape descriptors and its classi cation in potential candidates of fractures or vugs based us-
ing the geometrical parameter aspect ratio. For the generation of 3D meshes, the Marching
Cubes algorithm was employed to extract isosurfaces from volumetric CT data. To enhance
computational e ciency and reduce mesh complexity, a mesh decimation process was applied
post-extraction. This allowed for the preservation of geometric delity while optimizing the

meshes for numerical simulation purposes.

The methodology was tested on two distinct rock samples: a homogeneous sandpack and a
more geologically heterogeneous sample. As anticipated, the sandpack case characterized by

a relatively uniform void space distribution and high porosity which resulted in a regular and
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smooth mesh with evenly distributed pore features. In contrast, the heterogeneous rock sam-
ple presented greater complexity in its internal structure, re ected in the irregular distribution

and morphology of its vugs and fractures.

Quantitative evaluation of the meshing results revealed notable di erences in volumetric
similarity and mesh quality between the two rock samples. The sandpack, being a more ho-
mogeneous material, yielded a volumetric similarity of approximately 92% when comparing
the extracted mesh volume to the original CT-based segmentation. In contrast, the hetero-
geneous rock sample exhibited a lower volumetric similarity of around 81%, likely due to its
more irregular pore geometry and complex internal heterogeneity, which presented greater

challenges for accurate surface reconstruction and meshing.

Regarding computational performance, as expected mesh generation in 2D proved to be
signi cantly faster than in 3D. Across both rock types, 2D meshing times were consistently
low and, on average, approximately six times faster than the equivalent 3D mesh generated
considering only some of the biggest connected components. This highlights the scalability

challenges associated with 3D meshing of volumetric data.
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Future Work

Future work could focus on the following aspects:

Integration with Numerical Simulation: The generated meshes could be directly
integrated into numerical simulation frameworks to comprobate di erent uid ow or

mechanical hypothesis.

Di erent areas of Applicability: ~ Explore the use of the proposed techniques with ct

scan data of other areas, such as biomedical applications or other porous materials.

Machine Learning Approaches: Investigate the potential of machine learning algo-

rithms for optimizing the meshing process.
Upscaling: Develop methods for upscaling the generation meshes for larger domains.

Exploring Alternative Preprocessing Techniques: Evaluate the impact of di erent

preprocessing techniques on the mesh generation process.
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Appendix A - Data structures

The Image3D class is designed to handle 3D volumetric images in C++. This class provides
various functionalities for image manipulation, including reading, writing, ltering, and object
identi cation. Itis de ned with several constructors to initialize the 3D image data in di erent

ways:

" Constructor with dimensions: Initializes the image with speci ed depth, width, and

height.
" Constructor with input data: Initializes the image using an existing data structure.

" Assignment operator: Allows assignment between Image3D objects.

Principal member variables for the constructors can be seen in Table A.1.

Image3D class

The Image3D class provides various methods for image manipulation:

~ Accessors:Methods to get the dimensions and variable name of the image.
" Mutators: Methods to set the variable name and pixel values.

" Image Processing: Methods to apply Iters, identify objects, and segment

" images: Methods to apply lters, identify objects, and segment

" Object Analysis: Methods to count faces, get pixels in objects, and highlight

"~ Utility: Methods to insert surrounding pixels and handle 3D objects in planes.
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Appendix B - Geometrical Parameter Calculations

Surface Area: The surface area is an important size parameter in the di erentiation of
possible fractures and holes. Assuming that an "ideal" hole is modeled as a circle in 2D
case and a sphere in 3D case. In the case of digital images such as those being analyzed,
this parameter is simply the number of voxels that make up a given geometry. The
function c\2:.contourAreAis used to achieve this parameter. The fact that for a circle

the area is calculated a& = pir? allows to perform calculations to nd the di erent

shape parameters of the analyzed geometries.

Perimeter: The perimeter is de ned 2D of a shape is the number of pixels that form the
contour of this shape. In OpenCYV, this was used the functions cv2. ndContours to nd
the contours and cv2.arcLength to calculate the length of the contour, which, in units of

pixels, represents the perimeter of the shape.

Di erent contours to be analised

Major and Minor axes: The major and minor exes of the ellipse are shown as an
example in the following gures, in OpenCV the function cv2. tEllipse() allows you to

get these parameters whose units are pixels.

Minor circunscribed circle radio:  This parameter is calculated using cv2.minEnclosingCircle(
Minimum circle adjusted to di erent geometries of contours

Volume: It is represented as the number of voxels that are part of the analyzed 3D
geometry.

Exemplo de geometria voxelizada
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Example 1

Coordinates

Gy =.250370/.251;,369f.252 3704 .253 3704 .254 371/ .255 371/.257.373/.258 373/
.260,375/.261,375/.262 376/.263 376/ .264 377}.265377}.267,379/.268 379/
.269380/.270,3804.271,381/.272 381/.273 382/ .274 382/.275383/.276 383/
.277,384/.279384/.280 385/.283 385/.289 391/ .289 399/ .287,401/ .287. 403/
.286,404/.286 405/ .285 406/ .285 408f .284 409/ .285 410/ .285411/.286 412/
.285413/.285415/.283417/.28Q0417f.277,414}.277,413}.276412f.276 411/
.275410/.274410/.273409/.272 409f.271,408/.270 408/ .269 409/ .268 408/
.267,409/.263 409/ .262 408/ .261; 408/ .253 400/ .253 399/ .249, 395/ .249 394/
.248393/.248 392/ .247.391/.247, 389/ .246 388/ .246 387/ .245 386/ .245 384/
244383} .244 379} .243 378t .244 377} .244 375} .249 370/

Size Parameters

From Table 1, the size parameters for geometry 4 are shown. They were obtained using

the OpenCV library for the contour de ned by the coordinates Gjp.

Convex Area

conv=2296.5 square units

Total Area

Aiotal = 1719.0 square units
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Perimeter

P =413.32 units

Radius of the Minimum Inscribed Circle

Rmincire= 36.17 units

Major Axis of the Minimum Circumscribed Ellipse

Ernajor = 65.41 Units

Minor Axis of the Minimum Circumscribed Ellipse

Eminor = 38.95 units

Shape Parameters
In this section, all the shape parameters for geometry 4 from Table 1 are calculated.

Convexity

Awtar 17190 .
= = ———u 0:7485

Convexity is a dimensionless quantity.

Radial Variance

d = average distance between the points and the center of the geometry

,_ % .4 d?
N

Radial variance is also a dimensionless quantity.
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Area Sphericity

Ap _ 17190

= u 0:4181
AminCirc 36:172

Earea=

Area sphericity is a dimensionless quantity.

Diameter Sphericity

_ Diamyguy _ 4678

iam= — = 1 0:646
& Dammere | 2 3617

Diameter sphericity is a dimensionless quantity calculated as the ratio between the
equivalent diameter and the diameter of the minimum circumscribed ellipse. The equiv-
alent diameter of the gure is obtained from its area using the formula:

w

W
. A 17190
Diamquy=2 —= =2 = 4678

where Ay is the area of the considered gure andis the constant pi. This parameter
provides a measure of how circular the gure is, with a value of 1 indicating a perfectly

circular gure and smaller values indicating deviations from circularity.

Surface Area Sphericity
Aninci 36:17F |
Esurface= A mincire_ = SSA1P u3:184
majorEllipse —a
Surface area sphericity is a dimensionless quantity.
Aspect Ratio
. LENyw, _ 3032
Ratio= = 0:596
O™ [EN  6541°

Aspect ratio is a dimensionless quantity.
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