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Resumo

Estimagao de erro a posteriori para o método dos elementos finitos misto-hibrido multiescala
para problemas de Darcy, MHM-H(div)-£,, é apresentada. O método MHM-H(div)-&,
adota espagos de elementos finitos de duas escalas: discretizagoes refinadas sao adotadas no
interior de subregioes poligonais, mas aproximacoes do fluxo sao restritas sobre as interfaces
da malha por um espaco de tragos normais coarse. Para estabilidade, aproximagoes da
pressao e do fluxo sao compativeis em termos do divergente, satisfazendo o diagrama de De
Rham. A estimacao de erro se baseia na reconstrucao do potencial, método popular neste
tipo de andlise no contexto de métodos mistos. Experimentos numéricos sao apresentados

para ilustrar a eficiéncia da metodologia proposta.

Palavras-chave: Estimacao de erro; métodos hibridos multiescala; fluxo com restricao de

traco



Abstract

A posteriori error estimation for the multiscale hybrid-mixed finite element method for
Darcy’s problems, MHM-H(div)-£,, is presented. The MHM-H(div)-£, adopts two-scale
finite element spaces: refined discretizations are adopted inside polygonal subregions, and
flux approximations are constrained over the mesh interfaces by a given coarse normal
trace space. For stability, pressure and flux approximations are divergence compatible,
satisfying De Rham’s diagram. The error estimation is based on potential reconstruction,
which is a popular technique for this kind of analysis in the context of mixed methods.
Numerical experiments are presented in order to illustrate the efficiency of the proposed

methodology.

Keywords: Error estimation; multiscale hybrid methods; flux with trace constraints
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1 Introduction

Many engineering applications involve materials with heterogeneous properties
(e.g. composite materials and porous media) which introduce fine-scale characteristics to the
problem. In petroleum engineering, these characteristics arise from the spatial distribution
of petrophysics parameters like porosity and permeability. To assess uncertainty and
evaluate exploitation strategies, an accurate flow representation is required. In numerical
simulations of Darcy’s flow, governed by Poisson’s equation, the fine-scale effects have a
great influence on the solution [AARNES, 2004].

Despite a continuing growth in the available computational power, solving these
problems in the fine-scale is still not feasible for most cases due to the size of the global
system of equations. In this context, multiscale methods, which calculate the solution on
different scales separately, emerge as a way to incorporate the fine-scale effects on the

solution at a reduced computational cost.

In this work, the MHM-H (div)-&, [DURAN et al., 2019] is considered. The
MHM-H (div)-&, is a variant of the multiscale hybrid mixed method, MHM [ARAYA et
al., 2013], in which local problems are solved by the mixed finite element method. This
variant improves the accuracy of the flux solution while ensuring local mass conservation
at both scales. The global, coarse, problem consists in finding a constant piecewise pressure
in the interior of the coarse elements, which we denote subdomain, and coarse normal
flux on the interface between adjacent subdomains. The coarse normal flux is used as a
Neumann boundary condition to local problems in each subdomain, where the fine-scale

details, consisting of internal fluxes and a zero-mean pressure field, are solved.

Like every numerical method, for most cases, the obtained solution is an
approximation of the unknown exact solution. Consequently, there are deviations between
the finite element method solution and the exact one. In the case of the MHM-H (div)-&,,
one of the most proeminent source of errors is the restriction of the fine scale flux to the

coarser flux on the interfaces between macro elements, according to a priori estimates
presented in [DURAN et al., 2019].

A priori error estimates is a proof of the asymptotic convergence for a method.
However, these estimates can not provide an upper bound for the errors, as they rely
on coefficients that depend on the unknown exact solution. In this context, a posteri-
ori estimates arise as a framework to provide computable error bounds, based on the

approximated solution and the problem settings only.

Additionally, a posteriori estimates can be applied to identify the regions of

the domain in which the approximation error is greater. This property allows for the use
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in adaptive mesh refinement procedures [BABUSKA; RHEINBOLDT, 1978].

1.1  Objectives

The purpose of the current work is to adapt known a posteriori error estimations
for standard single-scale mixed methods presented in [AINSWORTH, 2010] to the multiscale
MHM-H (div)-&, context.

The adopted methodology is based on a reconstruction procedure. Given flux
and pressure approximate solutions, denoted by o, and wu;, respectively, the principle
is to recover a second continuous approximation s € H'(Q) for pressure (known as
reconstructed potential) to be used to estimate the unknown exact flux and pressure errors
(see [VOHRALIK, 2015] for a review on this matter).

The algorithm follows two steps: (a) inter-element smoothing, where a continu-
ous average of the approximate pressure is defined over the mesh skeleton, and (b) the
solution of local Dirichlet problems using the interelement average pressure as Dirichlet

boundary data.
The algorithm is implemented in the NeoPZ ' [DEVLOO, 1997 environment,

an open-source, cross-platform, finite element library written in C++-.

1.2 Organization of the content

Chapter 2 is dedicated to the description of finite element spaces. In Chapter
3, classical finite element formulations are presented. Chapter 4 describes the fundamental
aspects of the MHM-H(div)-&,. A posteriori error estimates for the MHM-H(div)-&, are

developed in Chapter 5. Numerical results are shown in Chapter 6.

! Available at: <http://www.labmec.org.br/wiki/neopz/start>
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2 Infinite and finite element spaces

Many engineering problems can be modelled by a set of partial differential
equations, whose exact solution can not be obtained due to the nature of the governing

differential equations or to the complexity of the domain.

The finite element method, FEM, is a numerical method to find an approximate
solution of a boundary-value problem modelled by a set of partial differential equations.
A complete introduction to FEM is found in [BECKER; CAREY; ODEN, 1981] and
[CIARLET, 2002].

Its popularity is mainly due to its versatility and generality, being suitable for
a wide range of problems, such as wave propagation, elasticity, flow in porous media, etc.

Furthermore, its performance stands out when working with complex domains.

The first step towards approximating the solution of a set of PDE with FEM
is the definition of a weak or variational formulation of the problem. A weak solution to a
differential equation satisfies the differential equation in an integral sense and the equation

no longer needs to hold absolutely at every point.

For a given differential equation, there are multiple weak formulations, that
may introduce different variables, in different spaces. A finite element method is associated
with a specific weak formulation, meaning that there are various finite element methods

to solve the same physical problem.

At the continuum level, a weak formulation is supposed to have the same
solution as the original problem. The importance of turning the problem into a weak
statement is that it can be converted to a discrete algebraic problem by the Ritz-Galerkin
method, through which an approximate solution can be found. The solution provided by
Ritz-Galerkin method is a linear combination of the basis vectors of a finite-dimensional

approximation space.

Once the finite element mesh -a domain partition into elements- is defined, the
FEM provides a sistematic way of generating this approximation space, typically based on

piecewise polynomials with local support on these elements.

Provided the approximation space, the next step is the assembly of the stiffness
matrix and the load vector, by numerically integrating the terms of the discretized weak

formulation, resulting in a linear system in a matricial form.

The FEM approximation is obtained by solving this linear system. The solution
involves inverting the stiffness matrix, which is typically the most demanding step of the

calculation in terms of computational resources.
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Once the solution is computed, additional variables may be post-processed by

applying constitutive laws on the solution, etc.

This section is dedicated to the description of fundamental functional spaces.

2.1  Functional spaces

2.1.1 The L*(Q) space

Let Q ¢ R%, d = 2,3, an open, bounded Lipschitz domain with boundary
0. The first space to consider is the L*(€2) space, composed of functions which are

square-integrable in Q C R,
Definition 1 (The L*() space).

L*() ::{u:Q—HR:/Q|u|2 dQ<+oo}.

Figure 1 illustrates this concept. The function f(t) = tan(¢) only belongs in
L*(Q) if © is an interval in which f is square-integrable. Since /I f*dt = —x + tan(x)
is undefined for x = 7/2 + kn, ¥ k € Z, therefore f ¢ L*(f2), in OQ = (0,7/2 + k) but
fel?Q)ifQ=(-1,1).

10F

-10¢-

NS F

_I 0
2

Figure 1 — Plot of function f(t) = tan(t)

The space LQ(Q) is also a Hilbert space with the inner product:
(1, 0) g2 1= / v dS), (2.1)
Q
which induces the L?(€2) norm:

1 llz2@) = /(5 ) 2e)- (2.2)
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2.1.2 The H*(Q) space, its trace and relevant subspaces

The H'(Q) space is used in the primal finite element method. An H'(Q)-

conforming function is scalar-valued and its gradient is square-integrable.
Definition 2 (The H'(2) space).
H'(Q) = {u e L}Q) : Vu e [L(Q)'}.
H'(Q) is equipped with the inner product:
(u, ) () = (u,0) 200) + (Vu, Vo) 200, (2.3)
which induces the standard H'(£2) norm:
|- ) =4/ o) (2.4)

Frequently, there’s an interest in the value that functions in H'(2) hold on
d — 1-dimensional curves I'. For a function u € H'(Q2) we denote u| the restriction of u

on I', which is the so-called trace of u on I" (Figure 2).

(a) A function u € HY(Q) (b) Trace of w on '

Figure 2 — Representation of the trace of a function u € H'(€2) defined over a quadrilateral
domain over I', where I' = 9f)

This lead to the definition of a normed vector space H~Y/ 2(T'), which is the
space of traces of H*(Q):

Definition 3 (The H~Y/%(I) space).
H'2(T) o= {ulp :ue HY(Q)}

One of the main properties of functions in H'(€2) is the continuity across (d — 1)
curves I' (in the sense of H~Y2(I)).

Subspaces of H'(€2) can be now defined based on specific trace values.
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Definition 4 (The H;(Q) space). The space H}(SY) is the subspace of H*(Q) such that
ulp, =0 for I'p C €.

Definition 5 (The H, (Q) space). The space H, () is the subspace of H'(Q) such that

ulp, =up for I'p C 9Q.

2.1.3 The H(div, () space, its trace and relevant subspaces

In mixed methods, one of the solution variables is the vector-valued flux field,

whose divergence must be square-integrable.
Definition 6 (The H(div,{2) space).

H(div, Q) := {V c[LA(Q)]*:V-ve L2(Q)} :
H(div, §2) is equipped with the inner product:

(u, V) maiv,e) = (W, V)2 qye + (V- 1, V- V) 12, (2.5)

which induces the standard H (div, §2) norm:
|+ [z aiv.e) =/ (5 ) raiv.e)- (2.6)

For a function v € H(div,Q2) on 052, there’s an interest in the normal trace

over (d — 1) curves I', denoted by v - n|. (Figure 3).

We denote H~'/2(9) a normed vector space of the normal traces of H(div, Q).
Definition 7 (The H~2(9Q) space).
HY2(09Q) == {v 1|y, : v € H(div,Q)}.

One of the most important characteristics of functions in H(div,2) is the

continuity of the normal trace.
Once again we define subspaces of H(div,(2) based on trace values:

Definition 8 (The Hy(div, Q) space). The space Hy(div,Q) is the subspace of H(div, ()
such that v-m|. =0 for 'y C 0.

Definition 9 (The H, (div,2) space). The space H,, (div, ) is the subspace of H(div, 2)
such that v - n]FN =oy for 'y C 092.
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(a) A function v € H(div, ) (b) Normal trace of v on I'

Figure 3 — Representation of the normal trace of a function v € H(div, () defined over a
quadrilateral domain over I'y ... T'y = 09, such that v-n|, = g, where g is a
linear function, and v - n|yq p, = 0.

2.2 Finite-dimensional spaces

The functional spaces described in the previous section are infinite-dimensional
and serve as basis for the understanding and analysis of the mathematical problem we are

facing.

Naturally, it is not possible to use an infinite-dimensional space when sol-
ving practical problems. To be able to generate algebraic systems and solve a problem
computationally, we define finite-dimensional subspaces, called approzimation spaces or
discrete spaces, with the same properties of these infinite functional spaces but having

finite dimension.

Consider a domain discretization 7T,, called the finite element mesh. The
discrete spaces treated in this work are spanned by basis functions with local support on
the elements of 7, and sometimes extending over adjacent elements, denoted by shape
functions. The generation of shape functions and the construction of finite-dimensional

spaces are detailed in the next sections.

2.2.1 Finite element mesh

To apply the finite element method we need to discretize 2 into the so-called
finite element mesh. The mesh is a partition 7, = { K} consisting of a finite collection of
open subdomains, referred to as elements, such that Q = Uger, K. The parameter h is
used as an indicator of the size of the elements in the mesh, such that A = max hg, where

KeTy,
hy stands for the diameter of the element K.

For two different elements K, K~ € Ty, such that K™ # K~ OKTNOK™ is

either an empty set or their common d’-dimensional sides, with 0 < d’ < d.

A (d — 1)-dimensional face F' C § is called an interface if F C 0K N 0K,
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such that K+ # K™, or a boundary face if F C K N 9. We denote & the union of

interfaces, & the union of boundary faces and &, = & U &P

An unitary outward normal vector ng is associated to each boundary face

F € &’ For an interface we have n}. and ny according to the orientation illustrated in

CN>

Figure 4 — Elements of the finite element mesh

Figure 4.

2.2.2  Shape functions

This section presents the methodology of creation of L*(Q), H'(Q2) and H (div, Q)-

conforming shape functions as used in this work.

The shape functions considered in this work are constructed hierarchically, for
simplicity of implementing and assembling the constrained finite element spaces required
by the MHM-H(div)-&, method.

To illustrate the procedure, quadrilateral shape functions are presented.

The basis functions are defined on a parametric space over a reference element
K and then mapped to the geometrical space of each element K. There is a transformation
Fx mapping a point in parametric coordinates to the geometrical space of the deformed

element K (Figure 5). Remark that the transformation Fx may be non-affine.

Shape functions are associated to sides of the element. The sides of an element
are its vertices, edges, faces and, for three-dimensional elements, its interior volume. For
example, a quadrilateral has 9 sides: 4 vertices, 4 edges and 1 face (Figure 6); a hexahedron

has 27 sides: 8 vertices, 12 edges, 6 faces and 1 volume, etc.
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EA YA

>
n X

Figure 5 — Transformations between parametric and geometric spaces

Figure 6 — Decomposition of a quadrilateral element into its sides

L*(Q)-conforming shape functions

For L*(€2), we create the shape functions through the definition of polynomial
spaces of order k£ defined in the reference element K , denoted Py (K), according to the
procedure described in [DEVLOO; BRAVO; RYLO, 2009]. The polynomials are then
mapped to the deformed element K € 7T,. For two-dimensional elements there are shape
functions associated with vertices, edges and faces. Three-dimensional elements have

additional volume functions.

In order to present shape functions for the quadrilateral element Q, the reference

element must be defined:

K={(neR: -1<¢&n<1} CR2

The construction of shape functions are based on a sequence of one-dimensional

polynomials. Here, Chebyshev polynomials of first kind are considered. The Chebyshev
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polynomial of order n, denoted by f,(t), is defined by the following recursive relation:

folt) =1
ht) =t (2.7)
Jn(t) = 2tfri(t) — fa—a(t), n > 2.

From the developments above, we define the following set of shape functions

on the quadrilateral element:

o 4 vertex functions: qgvi(ﬁ, n), i ={0,1,2,3}:

(1= —-n)

o) =5 (2.8)
ngl(&n) :(1;£> (1 ;77)7 (29)
ng(faﬁ) :(1_55) (1_577)7 (2.10)
2us (1-90+n)
0" (&) == 5 (2.11)
e 4(k —1) edge functions qge"’”(f,n), i=1{0,1,2,3},0<n<k-—2
GOm(E,m) =™ (&, m) [67(&m) + 672 (&m)] £(9), (2.12)
GU(E m) =" (€, m) [6(&m) + 67 (& )| fuln), (2.13)
6M(Em) =0 (&) [0 (&m) + 8" (&,m)] Fu(=8), (2.14)
6™ (&,m) =6"(€,m) [6™(&,m) + 6" (&, m)] ful—), (2.15)
o (k—1)? face functions dgf’”o’"l(ﬁ,n), 0<ngn <k-—2:
STmOm(E,m) = 6™ (&, )0 (£,1) Fuo () (1), (2.16)

To illustrate the creation of shape functions in this section, we consider
the partition 7, = {K;, Ky}, depicted in Figure 7. In this example, K; is defined
by the vertices P, = {(4.0,2.0),(8.5,3.5),(3.5,8.5),(2.0,4.0)} and K is defined by
P, ={(8.5,3.5),(10.0,8.0), (8.0, 10.0), (3.5, 8.5) }.

Examples of L?(£2) vertex, edge and face functions are shown in Figures 8, 9

and 10 respectively.
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Figure 7 — Partition 7, = { K1, K>}
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1.0f

0.5H

0.0H

_0.5,
3r

-1.0t 2:
2 3 4 5 6 7 8

(b) ¢ € L*(Q) such that F! (¢lx,) = ¢"(&,m)

(a) 6%(¢,m)

Figure 8 — Example of an L*(Q2) vertex function

3r

24 : ‘ : ‘ : :
2 3 B 5 6 7 8

(b) ¢ € L*(Q) such that F! (6] ,,) = ¢“°(¢,n)

() ¢°°(&, n)
Figure 9 — Example of an L*(Q2) edge function
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a4l

-0.5+
3f
-1.0H n n n ) 2:

-1.0 -0.5 0.0 0.5 1.0 2 3 4 5 6 7 8

(a) 700, m) (b) ¢ € L*(2) such that Fie!(lg,) = ¢7*°(¢,m)

Figure 10 — Example of an L*(f2) face function

H*(Q)-conforming shape functions

The generation of H'(Q) shape functions is similar to the creation of the L*(Q)
finite space. The main difference is that shape functions associated to vertices, edges and

faces may be extended to adjacent elements to ensure continuity of the space.

H*(Q)-conforming shape functions are also created by backtracing polynomials
defined on the reference element, but if the shape function is associated to a side that is
shared by multiples elements, the NeoPZ structure ensures that the mapped polynomials

are oriented correctly and share the same degree of freedom.

Figures 11, 12, and 13 illustrate H'(f2)-conforming vertex, edge and face

functions on the partition presented on Figure 7 respectively.

10F Y

2 Cu 1 1 |
2 4 6 8 10

Figure 11 — ¢ € H'(Q) such that F'(¢],) = ¢™(€,n) and Fl (6] ,,) = 6™ (€, n)
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Figure 13 — ¢ € H'(Q) such that Fx!(¢|.,) = ¢"°(€, n)

H(div, Q)-conforming shape functions

The generation of H(div, Q)-conforming shape functions in NeoPZ is treated in
[CASTRO et al., 2016] and [DEVLOO et al., 2016]. The central idea is that functions on
the reference element are defined by the multiplication of scalar polynomials and constant

vector fields.

There are no H (div, 2)-conforming functions associated with vertices. H (div, §2)

shape functions are either associated with faces or to volumes in three-dimensional elements.

For scalar-valued functions, the polynomials are mapped from the reference
element K to the geometric element K by the same geometric transformation that deforms
K into K. This transformation, however, does not preserve the normal continuity required
by the H(div, {2) space.
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For H(div,2)-conforming shape functions the contravariant Piola transfor-
mation Fgiy x is employed. Let q?) = ngﬁ v a vector-valued function defined on K by the
multiplication of polynomial <§ and an approppriate constant vector v, the mapped function

¢ is given by:

A 1 ~
¢:aﬁmﬂ(¢):]i”[ddkhdJK¢]’ (2.17)

where J g is the Jacobian matrix of the transformation Fx.

The constant vectors v;, i = 0, ..., 17, of the quadrilateral element are shown

in Figure 14.

V7T VgT VGT
\Z
o -« —_—
9 -
Vig
V17 Vi3
- v
N T—>V16 T —
Vi1 l‘715
‘712 A
> v
N — 3
Vio
Vo Vo V1

Figure 14 — Constant vector fields defined on the quadrilateral element

Examples of H(div,2) shape functions on the reference element are shown in

Figure 15.
10: T _‘_,I_>,j —r— — T ;‘i_‘»‘_»'_; T : 107 —— LI S S S B S S A 1
— —— TER YUY,
—_— — * A *
0.5: _>_>::7 ] 0.5 1 - ‘I
M RRREy :
= | i
001 [ s | 0.0r EEEREEE
e REERE
e ] 3R RREEE :
_0.5) —.——— > > > > i —0.5} ? “k 'f %
-1.0 e P — P — P — P — 3 — P -1.0F
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(a) Edge function b = v (&,m) - ¥4 (b) Bubble function ¢ = <Z>f’070(£, n) - Vir

Figure 15 — Examples of H(div, 2) functions on the reference element

Mapped H (div, 2)-conforming shape functions are illustrated in Figures 16
and 17.
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Figure 16 — Example of an edge quadrilateral H(div,(2) function ¢ € H(div, ) such that
Faie s (Blie,) = 0(&m) - Va and Fopy e, (Blie,) = =0 (€,0) - ¥
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Figure 17 — Example of an edge quadrilateral H(div,2) function ¢ € H(div, Q) such that
fcﬁi,Kl(¢|K1) = ¢f’0’0(f, n) - Vi

2.2.3 Finite element spaces

Polynomial spaces P

The starting point for constructing finite element spaces is the definition of a
scalar polynomial space on the reference element K. Consider Pk(f( ) the scalar polynomials
of total degree at most k.

L*(Q)-conforming finite element space

Finite dimensional spaces U, C L? are constructed by backtracking polynomial

spaces defined in the master element such that:

Up = {u e L*Q) : Fx'(ulg) € Po(K)}, VK €T,
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H'(Q)-conforming finite element space

Analogously, finite dimensional spaces V;, C H! are constructed as follows:

Vi ={ve H(Q) : Fil(vl,) € Pu(K)}, VK €Ty

H (div, Q)-conforming finite element space

Finite dimensional spaces V) C H(div,2) are constructed by backtracking

vector polynomial spaces Py = [P;]? defined in the master element:

V), ={q € H(div,Q) : Fg! x(alx) € PUK)}, VK €T,
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3 Classical finite element formulations

In this chapter, the model problem and classical finite element methods are

presented, namely the primal H*(€2) and mixed formulation.

3.1 The model problem

Let Q c R? d = 2,3, an open, bounded Lipschitz domain with boundary 9.
The outward normal vector field of 02 is denoted by n. The boundary 0f2 is decomposed

into two disjoint parts I'p and I'y. A diagram of € is shown in Figure 18.

'y "

I'p

Figure 18 — Problem domain with boundary parts I'p, 'y and outward unit normal field
n

The phenomenon of flow in porous media, in the steady state, is governed by

Darcy’s equation:
-V -KVu = fin Q, (3.1)
along with the boundary conditions:
u=up on ['p,
KVu-n=oy on 'y,
where f € L*(Q), up € HY?(Tp) and oy € H Y2(Ty).

Here, u represents the pressure field to be calculated. The other variables

are defined by the problem statement, specifically, K is a symmetric, positive definite
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permeability tensor and f is an arbitrary function in L*(2). On I'p the function value is
prescribed (Dirichlet boundary condition) and on I'y the normal derivative is prescribed

(Neumann boundary condition).

Frequently, in problems that arise in petroleum engineering, the variable of
interest is not the pressure field, but rather the flux, denoted o, which relates to the

pressure gradient. Equation 3.1 is rewritten in terms of o as follows:

o =—KVuin Q, (3.2)
V-o=finQ. (3.3)

3.2 Primal H'(Q) formulation

The primal H'(Q) formulation [BECKER; CAREY; ODEN, 1981] is the most
popular method due to its simplicity and ease of implementation. Its statement reads: find
u € Hy () such that V v € Hy(Q) the following holds:

/KVquda::/fvdx+/ oyvds (3.4)
Q Q I'n

The discrete version of 3.4 seeks an approximation of u, denoted by wy, in a finite
dimensional subspace V;, C H 1(Q) The problem reads: Find u; such that u;, = up on I'p
and Vv, € V), C H&(Q)

/KVuthh dx:/ fon d:c—i—/ onvy, ds (3.5)
Q Q 'y

We can write as the variational formulation:

a(un, vp) = f(vn)
where a(uy,vy) is the bilinear term:
a(up,vp) = /QKVuthh dx

and f(vy) is the linear term:

f(op) = / fop dx +/ onUp, ds.
Q Tn
Since our solution is a linear combination of the elements of V},, which are its basis functions

n

¢; : 1 < n, where n is the cardinality of V}, we write u;, = Z a;¢;. Which leads to the
i=0

matricial form:

K-a=f,
where K = (k;;) = a(¢s, ¢,), al = () and £ = f(¢,).
This method solves a continuous pressure field u,. If a flux approximation
oy, is desired, it can be computed by post-processing the pressure variable through the

calculation of o), = —KVu,, over each element. However, this yields a non-conservative

vector-field with lower accuracy order.
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3.3 H(div,2)-conforming mixed formulation

Mixed methods, introduced in [RAVIART; THOMAS, 1977], are adequate
for applications where the flux field is the variable of interest. In the mixed formulation,
we solve for a vector-valued flux field and a discontinuous pressure simultaneously. The
pressure variable in this case acts as a Lagrange multiplier, constraining the divergence
equation. The flux field is H(div, 2)-conforming, meaning that the continuity of the normal

component is ensured, satisfying local mass conservation.

The flux solved by mixed methods have higher convergence rates than the
primal H'(Q) method. A comparison between different approximation schemes methods
in 2D applications is available in [FORTI et al., 2016].

The weak statement of the mixed method reads: find o, u € H, (div, Q) x L*(Q)
such that for all q,v € Hy(div, Q) x L*(Q) there holds:

/K’loﬂqd:c—/uv qdr = — / upq - nds
Q

/V Uvdx—/ fvdzx (3.6)

3.3.1 Finite-dimensional space pairs for mixed approximations

In mixed methods, we consider a pair of approximation spaces V;, C H(div, (2)
and U,;, C LQ(Q), piecewise defined over the elements K of the partition 7. Vj and U,
are created by backtracking a vector polynomial space V and a scalar polynomial space U

defined on the reference element K. For stability, De Rham’s property needs to hold:
v.-v="0U.

A natural choice is to approximate the flux variable by a vector-valued polynomial space
P, = [P:]? and the pressure by a scalar-valued polynomial space P,_;. This family
corresponds to the Brezzi-Douglas-Marini approximation space BDM for triangles and
tetrahedra [BREZZI; DOUGLAS; MARINI, 1985], but does not hold for quadrilateral,

prism and hexahedra geometries.

There exists a variety of stable finite element pairs V(K) x U(K), using different
polynomial functions according to the element geometry [BOFFI; BREZZI; FORTIN,
2013; FUENTES et al., 2015].

Enriched spaces V} 7 and Uy}

In this work we consider the enriched spaces VZ . and U deocumented in
[DEVLOO; FARIAS; GOMES, 2019].
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A, A 8 A_O A, ~_O
Let V=V @V a direct factorization of V, where V is spanned by interior
. . N ~0
shape functions, with vanishing normal components over all element edges, and V
is spanned by external functions, with non-zero normal component over an edge. The
divergence space is of the form V - V=0U= (70 ®U L. where Uo are constant functions

and U™ are functions with zero mean, such that U-=v-Vv.

N ~ O A_O
Let Vi, =V, @V, a space spanned by vector polynomials of order k£ defined
on the reference element. The enriched versions V:Jr, n > 1, are created by adding internal

shape functions of degree k + n, while maintaining the external fluxes at order &:
~ n+ ~_O A_O
Vi =V © Vi,
With the corresponding enriched divergence space:

/\n+— An_l,-_/\

These types of spaces are able to enhance the accuracy of the pressure approxi-

mation.

3.3.2 Finite element formulation

The finite element version of the mixed method reads: find (o, up) € Vi, xUj, C
H,, (div,Q) x L*(Q) with —o}, - n = oy on ['y such that for all (q,,v,) € Vj, x Uy, there
holds:

/ K 'oq, dr — /QuhV -qp dr = — / upqy - nds (3.7)
Q r

D

/ Vo, dx :/ fop dx (3.8)
Q Q

Equations (3.7)-(3.8) can be written in the form:
(8% o fF
oy, B ff ’

A= () = [[K ¢, dr,

B = (b;) = /QV - b0 du,

fr = —/ up@; - nds,
I'p

f; = /Qf¢j dz.

A BT
B 0

with

The terms a, and «, are the coefficients that multiply the basis functions

¢,,u; of the flux and pressure approximation spaces respectively.
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Static condensation

Static condensation is a technique employed to reduce the number of degrees of
freedom of a linear system. It modifies the original problem such that secondary degrees of

freedom are removed (condensed) from the system of equations and solved at a later stage.

Typically, mixed finite element methods yield a much bigger linear system
when compared to the classical H*(€) formulation. However, in the mixed approximations,
a great percentage of the shape functions is internal, which makes static condensation

highly efficient and, ultimately, allows for its competitiveness.

The set of equations of a mixed element can be partitioned in terms of the
coefficients that multiply the basis functions corresponding to internal fluxes oy, ;, external

fluxes oy ¢, a constant average pressure oy, o and the remainder pressure degrees of freedom

Qi
A; Bl |BL A, Qi fr
B, O 0 B ‘ Oy g _ ff,z' ’ (3'9)
B,. 0 0 Be Q0 fro
A, Biz; BZ@ A, (873 0

where, fr is the contribution to the load vector of the Dirichlet and Robin boundary
conditions, f¢; is the contribution of the source term associated with scalar shape functions
to be condensed and fo the contribution of the source term associated with the constant

pressure.

Which can be rewritten as:
Kii | K o | f;
Kei Kee (893 B fe

Q; = I(Tl (fz — Kie . ae) (310)

(1

Isolating a; we obtain:

Doing the same for f,. gives us:

Kei o+ Kee O = fe (311)

Substituting Equation 3.10 in 3.11 yields:
(Kee — Kei - K" - Ki) e = fo — Ko - K- (3.12)

We now obtain a system with only degrees of freedom corresponding to the primary degrees
of freedom:

K- o, =f, (3.13)
where K = K., — K,; - K;;! - K, and f = f, — K,; - K;;' - f,.
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The internal degrees of freedom «; are called secondary and are solved at a

later stage by the substitution of a,. in Equation 3.10.

Remark that using static condensation, the global condensed system of pairs
Viii. and Uy have the same number of degrees of freedom regardless of the choice for n,
since the number of primary degrees of freedom is proportional to the number of external

flux functions and n refers to the enrichment level for the internal functions.
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4 The MHM-H(div)-&, method

The focus of the current study is on a posteriori error estimation for the
multiscale hybrid-mixed finite element method, MHM-H(div)-&,, versions of formulation
(3.6), recently proposed in the [DURAN et al., 2019]. The multiscale framework allows
the incorporation of fine scale effects internally of the coarse elements, while keeping only

coarse scale degrees of freedom in the global linear system.

As shall be detailed in next sections, in addition to the flux and potential
variables, hybridization occurs by a domain decomposition and by the introduction of a

new unknown A representing the normal trace of the flux o over subregion boundaries.

4.1  Concepts regarding geometry

The hybrid mixed variational finite element formulations for (3.6) shall be
presented here as subordinated to a conformal partition 7 = {€;} of Q by non-overlapping
subdomains €2;, which may have one of the usual element geometry. The union of all facets
F C 09; of the subregions (edges in 2D or faces in 3D) is called the skeleton T'.

We set a partition 77 of I' by the conglomeration of facet sub-partitions 7.
Refined conformal sub-partitions 7% = { K} are also defined inside the subdomains. The

following mesh consistency property is supposed to hold.

Mesh consistency: the elements in 7" included in 9€2; are coarser than (or
equal to) the ones induced on 0f2; by the partitions T,

In other words, mesh consistency means that the partition induced by 7% over
a facet F' C 0Q; is a refinement of the partition 7" |z. The method can deal with non-
conformal 7% and 7% over interfaces I'; ; = 08 N 0 between neighboring subdomains
2, and €2;. However, for the definition of the potential reconstruction only the conformal

cases are treated.

4.2 Finite element space settings

For flux and potential discretizations, the method is based on a finite element
pair V., x %,, C H(div, ) x L*(2) obtained by the assembly of local divergence-consistent
finite element pairs ¥, (§;) X %, (€;) defined in each Q; € 7. Similarly, a finite element
trace space A, of piecewise polynomials over the partition T' is required. The index
¥ = (Vin, Vsk) is used to represent discretization parameters ;, and 74, (mesh widths and

polynomial degrees) associated to refined and coarse scale levels, which shall be specified
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in some examples presented in Section 4.5. In summary, the following hypotheses shall be

assumed in the definition of these local finite element spaces.

Refined divergence-consistent finite element pairs V., (€;) x %, (€;) constructed on top
of the partitions 7%:

V() = {7 € H(div,Q); 7|x € Vi(K), VK € T},
U, () = {u € L2(); ulx € Un(K), YK € T},

verifying V- ¥, (%) = %, (€2;). Notice that ¥, (€;) admits a direct sum decomposition
Vo () = Vim ()@Y, (), the vector functions T € ¥, (€;) having vanishing normal
traces 7 - n%%|yq, = 0 (bubble flux functions). The functions 7 € ¥ 3H(Q@) (of facet type)
are supported in the layer of elements K € 7% having a facet included in 9%;.

Local trace finite element spaces A.,(F) are piecewisely defined over the elements of 7%
backtracking scalar polynomials of their corresponding master elements. The discretization
parameters are assumed to be v, on the internal facets F' N 9Q = () and ~;, otherwise.

The next property is crucial for the trace constraint operation.

Trace consistency: for F' C 0f); the finite element trace subspace A, (F) =
{T -n|p;T €7, ()} contains A, (F).

Constrained finite element spaces in €);: assuming the aforementioned conditions, we

introduce constrained vector finite element spaces
V() ={r € ¥,,,(%); 7-n|r € A, (F), F CO(Q}.

Due to the trace consistency property, the constrained vector space ¥, (£2;) is well de-
fined. Moreover, their decompositions in terms of facet and bubble components become
V) =7 2(91) SV 4in (€2;). The facet fluxes in ¥ 2((2@) have coarser resolution gy

over 0€; \ 0. Moreover, the divergence-compatibility property V - 7., (Q;) = %,,,

preserved.

Finite element space setting &, = V., x U, x A, :let ¥, x %, C H(div,Q) x L*(2),
be the divergence-consistent finite element pair whose restrictions to §2; € T are the
local finite element pairs ¥, (Q;) x %, (). Similarly, let A, C L*(T') be composed by
trace functions y € L*(T") whose restrictions on F' C T" are in A, (F). By construction,

T-njr e, forall T e V..
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Uniformly bounded projection-based interpolants([DEMKOWICZ, 2008; DURAN et al.,
2019]) Define the projection operator II7 : H'Y(Q4;,R%) — V., such that

/Qv-(f—ngf)wdx:o, Vi € %, (4.1)

in )

meaning that V-II7 7 = IL,, V-7, where IL,,, : L*(Q) — U,,, is the L*-orthogonal projec-
tion. Moreover, in the definition of IT] the property /a Qi(‘r—l'Iz )0 puds =0, Ve A,
is also enforced. This projection operator allows to demonstrate that the De Rham di-
vergence commutative property holds for the finite element pair (V,,U,, ), an essential

property for demonstrating the convergence of mixed finite element approximations.

Procedures for the construction of hierarchic partitions and space settings
verifying mesh and trace consistency properties are described in Sec. 4.5: there are general
purpose two-level settings and two h-adaptive procedures (for subregion and skeleton
trace adaptations). The example of Figure 19 gives an illustration of a two-level finite
element space setting: a macro-partition 7 of 3 x 3 square subregions €2;, local refined
partitions 7%, skeleton partition 77, and examples of parameter discretizations adopted
inside the subregions and over the skeleton partition. In this example, the local partitions
T% and T% are conformal over I;; = 09Q; N 082;. The discretization parameters are
Yok = (hsks ki), Yin = (Bin, kin), where kg = 1, ki = 2, hy, = hg/4. Thus mesh
consistency and trace consistency are verified. Consequently, the resulting two-level finite
element setting &, = V., x U,, x A, is well defined and stable. Examples of adaptive

settings are shown in the numerical tests of Sec. 6.3.1.

Figure 19 — Example of a hierarchy of partitions 7, 77, and 7}& for the MHM-H(div)-&,
method.
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4.3 Global-local algorithms

The MHM-H(div)-£, method can be interpreted as a scheme to compute
approximations (6’, U, 5\> € &, by global-local algorithms, by exploiting the hierarchical

structure of the finite element space setting &, =V, x U,, X A,

1. An orthogonal decomposition @ = @ + @ is set for the potential, where @y € Uy C
U, is piecewise constant over T, and @i+ € Uﬂin is in the L?-orthogonal complement
of UO in U in

2.\ € A, and @y € Uy are the primary variables computed at the coarse level by a

stable global system (upscaling stage).

3. 0 € V, and at e UWLM are the secondary variables computed in the refined level
by solving a set of completely independent mixed finite element systems, each one

restricted to a subregion ; € T (downscaling stage).

Unlike the MHM-H' strategy, [HARDER; PAREDES; VALENTIN, 2013] the
MHM-H(div)-&, does not use the trace variable \ as a Lagrange multiplier. Instead, the

role of \ is to constrain the degrees of freedom required to couple the local mixed problems.

Once \ € A, and 4y € U,,, are computed, the approximate fields (&,u) are

determined by the composition

L =g+ v+, (4.2)

&:ak+af, U=1Uuy+u

where the components of the secondary variables are defined by operators T(S\) and
T (f) representing well-posed local Neumann boundary value problems. Given p € A,

T(p) = (o™, u") €V, x Uﬁin verifies o - n|gq, = |an, and

/ K’lo'“-qu—/ u''V-qdr =0, VqE”/c/%n(Qi),
/QV-O'“godm:0 ‘v’ngUin,

Giving f € L*(Q), consider T(f) = (O'f, uf) eV, x Ujm verifying o/ - n|go, = 0 and

/ K’la'f-qu—/ u/ V- qdr =0, qu”/g/%n(Qi),

i (4.4)
/ V-O’f(pdl‘:/ f pdx, V@EU;“
Qi Qi

The requirements u”,u/ € Ujm are solvability constraints for these pure Neumman

boundary condition problems.
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The primary variables 1y € Uy and \ e A, with X’FN = Iy, on, solve the
next global system of equations: Find A € A, with A|p, = Iy, on and @y € Uy such
that:

/K’lo';\~a“da:—/ﬂOV-a”d:c:—/Kflcrf-a“dx— pup ds,

Q ) Q Q T'p (4.5)
/V~0"\<pd:c:/fg0d:c,

Q Q

V(p, ) € Ay x Uy, with p|r, = 0, where Ily ., on denotes the orthogonal projection of
the Neumann boundary condition onto the space A,|r, (which is formed by piecewise
polynomials of degree k;, over the facets F € 7' included in I'y). Observe that the test
functions o and the target solution o are required to solve the local problems (4.3) with

Neumann boundary data p and X, respectively.

4.4 Important properties

There are some crucial properties that qualify the MHM-H(div)-£, method as
a stable, accurate and efficient option for the model problem. The first one concerns with
computational implementation of the MHM-H(div)-£, method, the global and local stages
being crucial for the construction of an efficient algorithm. They offer the possibility of
decomposing the resolution of the problem in terms of expensive, but independent, local
solvers that can profit from parallel strategies, and of cheaper coupled global systems. The
adopted algorithms correspond to standard static condensation procedures, which can be
performed in two computational cycles. The first one applies to assemble and solve the
condensed global problem (static condensation applied to macro-subregions €2; € T): the
resulting global system is composed of facet fluxes \ € A, over the skeleton and 1, € U,
and one pressure DoF per macro-subregion. It also provides the downscaling operation
for the computation of the secondary internal solutions inside macro elements. Figure 20

illustrates this interpretation.

Figure 20 — Interpretation of the upscaling operation as DoF constraints coupling local
mixed problems on each macro domain.
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Another (optional) static condensation may be employed for order model
reduction of the local Neumann solvers occurring in the downscaling operation (static
condensation on micro elements K € T using similar principles as for the first level
cycle). Other essential properties of the MHM-H(div)-£, method are stated in the next
theorems as demonstrated in [DURAN et al., 2019] for full Dirichlet boundary problems.
The proofs for the case I'y # () are outlined in the Appendix A.1 and Appendix A.2,

following similar arguments.
Theorem 1. Uniqueness holds for the solutions of the global and local systems.

Theorem 2. The MHM-H(div)-E, method is equivalent to the well posed mized formulation
for problem (3.2)-(3.3) associated to the finite element spaces V., x U, C H(div, Q) xL*(€2):
find o € V., with o - n|p, = N, on, and u € U, such that the next equations are
verified for all q € V., with q - nQ|pN =0, and allveU,,:

/K’lo‘-qdm—/uv qu——/ up(q - n) ds,
Q

/V Jvdx—/fvdx

As a consequence, the MHM-H(div)-£, method inherits the positive properties

(4.6)

of general stable finite element mixed methods. Moreover, classical tools adopted for mixed
methods can be used for stability and error analyses of MHM-H(div)-£, solutions. For
example, when sufficiently smooth exact solutions in convex regions €2 are approximated
using Raviart-Thomas space configurations &, for shape regular triangular, tetrahedral or
for affine quadrilateral and hexahedral local partitions 7% using uniformly distributed
discretization parameters Ygi = (R, ksk) and Yin = (hin, kin), hin < hs and kyy, > kg, the

following optimal convergence rates

||‘7 - &||L2(Q) S hks’““”"'”ﬂkswl(ﬂ)a (4-7)
IV - (0 = &)z S Wi IV - ol ghiner s (4.8)
u — @l z2i0y S 52 ul| racrs + 5l e o). (4.9)

are proven in [DURAN et al., 2019] for the particular case T'y = ). The flux has the same
characteristic accuracy O(hks"Jr ) of trace approximations in A., whilst super-convergence
O(hF»*1) holds for the divergence of the flux. Concerning potential error, the two terms
on the right hand side may have different influence on the results. Without polynomial
degree enrichment k;, = ks = k, the second term becomes dominant for less refined
internal sub-partitions. For instance, when hg, = h;, = h it gives the standard well known
convergence rate O(h**!), as for the flux variable. However, when k;, > kq, the influence
of second term reduces as compared with the first one, independently of internal mesh

refinement, to produce enhanced pressure accuracy of O(hks’“+2).
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4.5 Examples of hierarchic MHM settings

Stable two-level finite element settings &,

Let v = (Vin, Vsk) be a parameter representing mesh widths and polynomial
degrees in two scale levels: v, = (hin, kin) and vg. = (hgg, ksi) at the fine and coarse
levels, respectively. That is, h;, < hg and kj, > ke. A procedure for the construction of
a consistent two-level finite element setting &, for the MHM-H(div)-£, method can be
obtained by the following procedures.

1. The mesh hierarchy starts by considering a coarse conformal shape regular partition
T of ) formed by the conglomeration of sub-partitions 77& = {K} of the subdomains
Q; € T, all of them with characteristic mesh width hy,.

2. Refined local sub-partitions ’ELQ; are obtained by the subdivision of ThQ; On the
skeleton ' we set a partition 7' by taking facets induced by Tj,_, over I' \ 9 and
induced by 773; otherwise.

3. Define local divergence-consistent finite element pairs ¥, (£2;) x %, (£2;) based
in Thﬂi The degree k;, is assumed to be the polynomial degree associated to the

normal traces T - n” |, T € V(K).

Notice that, by construction, mesh consistency and trace consistency are verified, and the
resulting two-level finite element setting £, = V., x U, x A, described in Chapter 4 is
well defined and stable. Moreover, the discretization of the flux and potential fields inside
the subregions may be enriched to different extents: concerning mesh width h;, < hg,

polynomial degree k;, > kg, or both.
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5 Error estimation

As mentioned before, when working with partial differential equations, we only
obtain the exact solution for very simple problems. In practice, we rely on numerical
methods that deliver an approximated solution. If the method is convergent, like the finite
element methods presented in Chapters 3 and 4, the solution can be as close as needed to

the exact solution, but they will never be identical.

One of the tasks of the numerical analyst is to ensure the quality of the result,
i.e., if the solution is within the tolerance required by the application. In this context, two
questions naturally arise: if the solution is not exact, how large is the error and how can

we minimize it?

While knowing the exact approximation error would require one to know the
exact solution, algorithms called error estimators have been developed to provide an

estimate to the approximation error.

Error estimators are divided into two main classes: a priori and a posteriori.
A posteriori estimators are based on the finite element approximation and its input
data only, which ensures generality and, thus, renders them adequate for automatic
adaptivity processes. In this work, we consider a posteriori error estimator as presented in

[VOHRALIK, 2010] and [AINSWORTH, 2010].

For a pressure approximation uy,, an a posteriori estimation is represented as
follows:
1/2
= unllizey < € [ 30 e (5.1)
KeTy,
where v is the exact solution, ng is the local error indicator of the element K € T, and C

is a positive constant independent of the sizes of each element K.

According to [VOHRALiK, 2015], an effective estimator should satisfy the

following properties:

i) Guarantee the upper bound described in equation 5.1 is valid and that ng is
computable for every element K € 7,. This property allows for error control and

ensures the result is within a desired tolerance.

ii) Guarantee that in the neighbourhood of K, denoted T, nx represents a lower bound

of the error ||u — up||z,, given a constant C' > 0 for all K € Tj:

Nk < Cllu —upllzg, YK € Th. (5.2)
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This property allows us to locate regions of the domain where the approximation
errors are more proeminent, making possible to tweak or improve only the elements
of this regions, instead of refining the whole mesh and introducing unneeded degrees

of freedoms to be solved.

iii) Ensure the estimated error approaches the exact error as the mesh is refined. To
evaluate the quality of the estimation we define a parameter called effectivity index,

I.s¢, that is equal to the ratio between the estimated error and the real error
[VOHRALIK, 2015]:

1/2
[ (ZKeTh 77%() (5.3)
ST = | '

In other words, we want I.;y — 1 as h — 0. This property is important to avoid
overestimating the error. In that case, properties i and ii could still be satisfied, but

the analyst would have little idea wether the result is within desired tolerance or not.

iv) Ensure robustness: properties i, ii e iii must be satisfied independently of the problem

parameters.

v) nx must be computable locally (for each element separately), with a much lower

computational cost in comparison with the calculation of the finite element solution.

vi) Identify the most relevant error components to allow for a efficient adaptative

refinement process.

5.1 Estimates for the flux

Our main goal is the derivation of a posteriori estimates for the MHM-H(div)-
&, method. Having in mind the equivalence property stated in Theorem 2, the idea is
to apply arguments already known in other circumstances of the mixed finite element
method. As stated in Theorem 3, the estimates shall be given in terms of weighted norms
%k = /RK’lT - T dx. The index R is omitted when R = Q.

The a posteriori estimator proposed in [AINSWORTH; MA, 2012], based on
the Prager Synge equality, seems appropriate for this purpose. It was designed for the
mixed method based on constrained finite element spaces Vgpu X Ugpm of hp-BDM type
for conformal triangular partitions of 2. The estimator is expressed in terms of a potential
reconstruction s € H'(Q) N C(Q), which is obtained from the approximate solution (&, )
given by the mixed finite element method, with s|r, = up. Recall that in such methods
the approximate potential @ is searched in finite element subspaces in L?({2) without any
interface continuity constraint, and Dirichlet boundary conditions are weakly enforced.

Thus, @ is not a candidate for the role of a potential reconstruction.
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The potential reconstruction s proposed in the [AINSWORTH; MA, 2012]
involves post-processing procedures, which hold for problems with continuous piecewise

polynomial Dirichlet data up compatible with the potential approximation space.

Our purpose is to adapt these ideas to the mixed method for more general
constrained finite element space settings V., x U, occurring in the MHM-H(div)-£, method
applied to problems with general continuous Dirichlet data up and Neumann boundary
flux o € L*(I'y). Under these circumstances, we redefine the potential reconstruction as

any function verifying

ERS H1<Q) N C(Q), S|FD = Up, (54)
where up ~ up is a continuous piecewise polynomial approximation of up over the
partition 7" 5,- The following Poincaré inequality (5.5), trace inequality (5.6) on the

subregions R = (2; forming the partition 7, with computable constants, and auxiliary

solution (&, u) are required in the proof of the estimated errors.
1. Poincaré inequality: There exists a constant Cpr > 0 such that

le = wollz2(r) < CrroRlVellLew), Ve € HY(R), (5.5)

where g is the average of ¢ in R and g is the diameter of R. This is a result
valid for general bounded Lipschitz domains. It is well known that Cpr = 7' if
R is convex. Otherwise, the value of Cpx may not be so clear. However, if R is
star-shaped with respect to a ball of radius rg then Cpxr depends only on d and
rg [PIETRO; DRONIOU, 2017]. Estimates for Cpx can be obtained by numerical
algorithms [PAULY; VALDMAN;, 2020].

2. Trace inequality: There exists a constant Cy, g > 0 such that

d
el < Ciar (3o lelizm + 29l | Iello: Yo € HR). (50

This inequality is well known for simplices 7', for which C, v depends only on d and

0
on the aspect ratio —T, pr being the diameter of the larger ball inscribed in T (in
Pr

fact, Ciyr = 5—R for triangles). Otherwise, the verification of similar results for more
general regions usually imposes some constraints on the shape of R. As indicated in
the book by Di Pietro and Ern [PIETRO; ERN, 2012], Lemma 1.49, the property
holds provided R is a polytope admitting a matching shape- and contact-regular

simplicial sub-partition 7% = {T'}. In such case,

Cir
Cor = (d+ 1)~
OR

min Or
TeTR

where Ci, 7, := TII€11T:r71z Cirr, and pg = 5
R
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Corollary: Suppose (5.5) and (5.6) are verified. Then

le = @ollZ2om) < CourCrrOR (ACpR +2) IV@lli2R)y, Yo € H(R). (5.7)

3. Auxiliary functions (a,u) € H(div,Q) x L*(Q) are defined by the solution of the

& _ 5 .n%

mixed formulation (3.7)-(3.8) with boundary conditions & - n =y, ON
on 'y, @|r, = up, and source term II,, f. Notice that (&, @) can also be interpreted
as the MHM-H(div)-&, approximation of (&, @), using the same source and Neumann
data. Thus, | — & %1 can be seen as a discretization error by the method MHM-
H(div)-&, applied to this auxiliary problem. The following extension of Lemma 1 of
[AINSWORTH, 2007] (which was obtained for full homogeneous Dirichlet boundary

condition) holds under the current space setting circumstances.

Lemma 1. Let (6,u) € V., x U,,, be the solution of the mized formulation (4.6). Then,

lo — &l = min KV + &g

v e HY(Q)

v|r, = up
Proof. Using the fact that & — & is divergence-free and (& — &) - n®|r,, = 0, we obtain
lo -l = [K'(6-5) (6-5)dx
— —/K—la—-(a—&)dx—/ up (6 — &) -n%ds
Q I'p

= —/QK”&-(&—&)dx—/mv(&—&)-ngds

_ _/Q[VHK%&} -(&—&)dx:—/QK*[KVH&]-(&—&)CJX,

for arbitrary v € H', with v|r, = up. By the application of the Cauchy—Schwarz inequality

we obtain
lo -l < min  |[KVv + &%,
v e HY(Q)
U|FD = Up
and equality holds by taking v = u, such that —-KVu = &. O

Theorem 3. Let (,u) € V., x U, be the solution of the mized formulation (3.6)
corresponding to the MHM-H(div)-E, method, for which the aforementioned hypotheses
are valid concerning up, Poincaré and trace inequalities on the subregions ;. If s €

H'(Q)N U,,, s a potential reconstruction, then the upper bound holds:

lo — 613 < S5 + (5, (5.8)
Q;
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a b ~
Jor 77&3 =npo; + D, 77&3 = Nra, + 1IN0, where npo, =|KVs+ &

Qi,K71 )

Np.q, = min _ |[KVuw|q, k-1, (5.9)

wEHll"DvllfD (Ql)

L 591 CP7Qi

MR, - TK&

o [Ctr,QiCP,QiéQi (dCP,Qz' + 2)]1/2
NNQ; = — lon — ., on L2 (00inr )
CK7Q'L

1
uD,HD

f =1L, fllzz@), (5.10)

and

(5.11)

(Q%) = {w S Hl(Q%) : w|FDﬂQi = Up — Up, WIQ\I'p — 0}1

the constants C o, correspond to the smallest eigenvalues of K on Q;, Cpq, and Cy, q, are

In the above expressions, H

the constants of the Poincaré and trace inequalities (5.5)-(5.6) on ;.

Proof. Closely inspired by Theorem 1 of [AINSWORTH; MA, 2012], the route for the

proof has the following main stages.

The terms ng? and ng? of the upper bound (5.8) come from estimates of the

terms (a) and (b) appearing on the right hand side of the valid Pythagorean identity

_|_

lo — &l =lo =&l +lo— oz = (a) + (b), (5.12)

where (o,u) € H(div,Q) x L*(Q) is the aforementioned auxiliary solution. The first
component is the discretization error treated in Lemma 1, and second component (b) =
|o — &|%-1 represents the error introduced through data approximation f = IL,, f and

oy ® Uy, oN.

o Estimation of the first term (a) =| o —& |%-. in (5.12): Using Lemma 1 and proceeding
as in the proof of Theorem 3.3 in [DOLEJSI; ERN; VOHRALIK, 2016] for a similar

estimate, we conclude that
lo—al2: =  min  |[KVo+elis
v e HY(Q)
U|FD = Up

min > (KVs+a
ve HY(Q) ueT

U|FD =up

IN

Qi,K71 )2

Q; K-1 +||KV(U — S)

2

< > <||KVS +6lo,x1 + _ min ||KV(w)||Qi,K1> :
QEeT WEHLp up, (4

leading to the terms composing ns()ai)



Chapter 5. Error estimation 47

o The second term (b) =|o — &|%-: in (5.12) may be expressed as,

lo — &2 = /K ) (o — adx—/V u) - (o — &) dx
- /Q(u—a)v-(a—&)dx+ | (a—u)(e &) -nds
- Z/ uw—u)(f -1, f) dx—i—Z/anFNu—u on —1IL,, on) ds
~ L+

The estimations of I; and I need some elaboration, using particular properties with
respect to the mesh setting associated to &£,, which are required in Poincaré and trace
inequalities. Since / (f —11,,,f) dx = 0, the application of the Cauchy-Schwartz
inequality to I followed by the Poincaré inequality in €2; gives

L < Z(SQiOPaQi ||V(u - ﬂ)

Q;

0. C
< S BRI Flliz
Q \/C]K,Q Q

The use of similar arguments combined with the trace inequality (5.7) in €2; implies

Yin

[Cir.0,Cpa, 00, (dCpo, + 2]

]2§Z

lon — v, onll 2@y |00 — k1.0,

o Ck.o,
= Z 717Qi °
Q;

At the end, for no, = nra, + v 0,

1/2 1/2
lo — a2 < (Z néi) (ZHG - allni—l,ni)
Q;

1/2
(Z 77&) lo — ok,

so that |o — &3 <> 1,
Q;

Remarks

1. We emphasize that, excepting np q,, all other quantities npgq,, 7n.qo,, and ng o, are fully
computable in terms of the approximation (&, %), the data f, oy, and geometrical

information on the subregions.

2. The error components 7p o, comes from the approximation of the Dirichlet boundary
condition up &~ up, and vanishes for the cases where up = up is itself is a continuous

piecewise polynomial function. Otherwise, the minimization expression for np o, is
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not computable, but it is expected to be of higher order whenever up has enough
regularity. A bound for this quantity is proposed in Theorem 3.4 of [DOLEJ SI; ERN;
VOHRALIK, 2016] for two-dimensional problems with K = 1.

2 2
OP,Qi 591

3. The residual error component 77 = Z 7712%791, = Z ——||f - Hﬁ,me%z(Qi) is
QEeT ger Cxo

expected to have fast convergence history of rate O(h¥in™) for sufficiently smooth f,

due to the adopted enriched approximation space U, .

4. The role of the error components 7y ,, which are only applied to subregions €2,
interacting with 'y, is to take into account the error induced by the normal boundary
enforcement &-nQ|meaQi = 1IN, ON|rynon;- Thus, Ny, = 0for 'y =0, o =0, or
for oy € A,|r, . Otherwise, recalling that A,|r, is formed by piecewise polynomials

of degree k;, over the facets F € 7T included in I'y, the normal component 1y =
(Z 77]2VQ is also expected to have fast convergence history of rate O(h%in*1) for
Q;

sufficiently smooth oy.

5.2 Potential reconstruction

To apply Theorem 3 as a viable tool for efficient error control of numerical
simulations by the MHM-H(div)-£, method, an efficient reconstructed potential s is
required. Our goal is to extend the methodology proposed in [AINSWORTH; MA, 2012]
to more general constrained finite element space settings adopted in the MHM-H(div)-&,
method for two-dimensional problems. Recall that the mixed method in [AINSWORTH;
MA, 2012] is for hp finite element spaces based on conformal triangular partitions. The
proposed potential reconstruction has three stages: (1) solution 4° of independent local
H'-conforming Neumann problems over each element, (2) inter-element smoothing of
the resulting potential 7° by an averaging procedure to get a piecewise continuous trace
function y over I', and (3) solution of independent local H'-conforming Dirichlet problems

over each element using p as Dirichlet data.

Since the polynomial degree of a BDM potential space Ugpy is one unit less
than the degree of the corresponding flux space Vgpy, the first stage is used to equilibrates
the polynomial degrees in both fields. Notice that such first post-processing stage is not
necessary for our current V., x U,,  finite element context, for the potential approximation
u € U, is already sufficiently accurate with respect to 6 € V.. Moreover, the third
stage is a standard procedure once the piecewise continuous trace function p over I is
available. Concerning inter-element smoothing procedure for the construction of pu, the
original version in [AINSWORTH; MA, 2012] refers to a triangular conformal partition 7

without any refined sub-partitions inside to be matched over interfaces.
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Instead, for the definition of the inter-element smoothing procedure under
the more general circumstances of the MHM-H(div)-£, method, we assume that the
internal partitions 7% and 7% are conformal over interfaces I ; = 09 N 0N2; between
neighboring subdomains ; and €2;. Under this hypothesis, the skeleton partition Tr
admits a refined partition 77 controlling the contact of elements K; € 773; and K; € 773;
at interfaces Fj; = K; N Kj, in the sense that ] ; € 7f Moreover, for simplicity purpose,
we assume uniform polynomial degree distribution k;,, over the subregions and within the
local partitions T}f)n Then, a trace space AZ, is defined over 7;F by continuous piecewise
polynomials of degree distribution k;,. For instance, these properties are verified by the

example of two-level setting shown in Fig. 19.

In summary, under these hypotheses, and given an approximate solution (&, ) €
V. xU,, by the MHM-H(div)-£, method, an associated potential reconstruction s € H'(Q)
is the result of the following two stages: inter-element smoothing procedure to get a
piecewise continuous trace function p € AZ, ~and solving local Dirichlet problems in the

subdomains €); using p as Dirichlet data over 0f2;.

5.2.1 Inter-element smoothing procedure

Firstly, set plr, = Zp ., up € A%, |r,, by a trace interpolant Zp ., : C(I'p) —
AL Ir,- Elsewhere, the purpose is to construct a function u € A%, from the approximate

potential .

The inter-element smoothing procedure for 3D approximations occurs in three
steps: weighted averaging of the potential over faces, weighted averaging of the face values

over ribs and weighted averaging of the rib values at nodes.

The averaged solution values over the faces and ribs are represented by 2d
and 1d discontinuous elements of appropriate polynomial order. To this end, the ease of

generating elements spaces of any dimension in the NeoPZ library is very useful.

1. Weighted average over interfaces : for F; ; = 0K'NOK’ € 7f not included in I'p set
plr,; € A5, |, such that

/ W(Ka Kl)ﬂ Ki t+ W(K7 K])Q|K] .
Fi; w(K, K*) + w(K, K7)

plr,; | vds =0, VveAl

-
where w(KK, K") is the largest eigenvalue of K restricted to K.

2. Average over edges: for an edge e not included in I'p, set the patch T (e) formed by
all the interfaces F; ; = 0K "‘NOK? e 7’5 having e as one their edges. Then, associate
F,, & weight w(F; ;) = max {w(K, K'), w(K, K7}, and update ul. € AS, | by

with p
fitting

e W
/ [ZFZ,]ET( ) M F; ( J) _N|e vds, Yuve Afm|e.

ZFi,jET(e) W(E,j)
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3. Average over vertexes: for a vertex a of the partition T+F not included in I'p, set the
patch T (a) of edges e of elements in 7;F having a as one of their vertices. Then,
associate with ul.(a) a weight w(e) = Fm7a:€() {w(F)}, and update the value u(a) by

€/ (e

the average

- ZeET(a) M|6(a> w<€> ‘
YeeT@ w(e

p(a)

Finally, update plr, ;(x) <— pa(X) + pre(X) + pr, ;(x), represented in terms
of hierarchical vertex, edge and internal shape functions associated with F; ;, by usual
operations used in the assembly algorithms for hp H'-conforming finite element spaces
[CALLE; DEVLOO; GOMES, 2015]. This is done in a sequence of steps, starting with
vertexes, then throughout edges and the face F;; itself. The vertex component p,(x)
is computed by first order Lagrange interpolation of the new values p(a) of Step 3 at
the vertexes of F; ;. Next, by incorporating the vertex term, the edge component p.(x),
vanishing on the vertexes, is obtained by updating the edge averages of Step 2. Finally, by
incorporating the vertex and edge terms, get the internal component p, ;(x), vanishing
on OF, ;, by updating the face average of Step 1. Plots illustrating average over edges and

vertex updating are given in Figures 21 and 22.

Figure 21 — Illustration of the inter-element smoothing procedure: average over edges.
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Figure 22 — Illustration of the inter-element smoothing procedure: update vertex values.

The inter-element smoothing procedure for two-dimensional problems requires
some adjustments: we perform the average in Step 1 over edges e; ; = K; N K; (instead of

interfaces) and go straightforward to node update in Step 3, and the final smoothed trace
€i,j (X) = ,ua(x) + :ue(x)‘

has the form g

5.2.2  Solving local Dirichlet problems

Let p € A%, be given by the inter-element smoothing procedure, and set &; :=
q,. The reconstructed potential s € H' () is defined as s|q, = s;, where the functions
s; are obtained by solving H'-conforming Galerkin finite element formulations of local
problems in €2;. The solvers are for finite element spaces US, (€;) € H'(Q;) N U,,, (€;) and
for p|aq, as Dirichlet boundary data on 02;. Namely, s; € US (€;) verifies sia0, = 11]aq;
and

(KVs;, Vw)g, = —(64, Vw)g,, Yw e U, () N Hy ().

By the constraints s; = p on 0€2; the continuity of s over interfaces is satisfied (i.e.
s € H*(Q)). Moreover, since by definition u|r, = @, we conclude that s is indeed a
potential reconstruction for the MHM-H(div)-£, method.

An illustration is shown Figure 23 for a two-dimensional setting. An oscillatory
problem is solved by the MHM-H(div)-£, method based on a coarse partition by 2 x 2
square subregions, using parameter discretizations hy, = hg./2, kg, = 1 and k;;, = 3. The
exact potential u and its discontinuous approximation @ are shown in Figure 23 (a) and
(b). The potential reconstruction s € H*(Q2) shown in Figure 23 (c) is the result of the
final stage, by solving local Dirichlet problems.
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()

Figure 23 — Illustration of the potential reconstruction: (a) exact potential u, (b) MHM-
H(div)-&, solution @, and (c) potential reconstruction s € H'().

5.3 Adaptivity

5.3.1 Stable h-adaptive finite element settings &,

The goal of any adaptive algorithm is to develop a way to check and improve
the quality of the approximation. Based on the proposed a posteriori error estimator
of Theorem 3, we propose a trace h-adaptive algorithm to guide a proper choice of the
trace space. For comparison, we also define a classic h-adaptive strategy for subregion
refinement. Recall that the estimator in Theorem 3 is composed of local estimated error
indicators ng? = Npq; T ND,0;: ng? = g0, + NN, In both examples, it is expected that
the error indicators np.q,, Nro, and nyq, are insignificant with respect to npq,. Thus,
they are not considered in the refinement process, and only the magnitude of 7pg, is used
in the decision to mark 2; as candidate to be refined or to have the skeleton partition of

its facets to be refined.

5.3.2 Trace h-adaptivity

For the MHM-H(div)-&, formulation with internal mesh refinement, the normal
fluxes coming from the finest scale inside the subregions are restricted to the coarse-scale

trace space. The following h-adaptive process for the finite element space setting £, based
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on successive refinements of the skeleton partition 77 is proposed. The estimator of
Theorem 3 is used to indicate the distribution of the errors associated with the subregions.
The skeleton partitions associated with selected subregions will be refined up to a level

associated with the subregion.

Assume the shape-regular coarse partition 7 = {§;} of Q is subjected to
ref,q, uniform refinement steps to give a conformal reference partition 7Tof = {K} by
micro-elements K of characteristic mesh with h;,. These micro-elements are conglomerated
to form sub-partitions 7%. This is a case where the partitions 7% and 7% of neighboring
subdomains €2; and §2; are conformal over interfaces I'; ; = 9€2; N 092;. Fixed polynomial

degrees kg, and k;,, kg < ki, are applied to skeleton and subregion partitions, respectively.

The estimated errors are used to choose a consistent skeleton partition 7
adapted to the approximation. Throughout the adaptivity process, the hierarchy of finite
element space settings &, are associated with discretization parameters v = (7Vin, Vsk) Of
the form 7, = (hin, kin) and g, = (hgg, ksi), where hg, represents the non-uniform mesh
size distribution of elements in 7. During the trace h-adaptive process hy; evolves, and

therefore v changes accordingly as well.

Starting from the coarsest skeleton partition, 7+ formed by the facets F of the
subdomains €;, and with internal partition 7% defined by ref,,q,, the proposed adaptive
Algorithm 1 is based on successive refinement loops of the skeleton partition. In each
adaptive instance, a refinement level ref,, is associated with each macro partition €2;. Then,

refq, is used to redefine the mesh width hy of the skeleton partition.

In summary, given the error indicator of the current approximate solution, the

adaptive procedures are summarized in Algorithm 1. Examples are shown in Section 6.3.2.

Algorithm 1 Trace h-adaptivity

Input initial partitions 7 = {{;} and T, discretization parameter v = (Vin, Vs ), finite
element space setting &,, threshold € € (0, 1), target global estimated error 7,04, maximum
number of iterations marinter, and set ng, = 0. While 1 > 14,4 or iter < mawiter:

1. Solve the problem using MHM-H(div)-£, method.
2. Compute the error indicator npq, associated to the subregions 2.

3. Define 1,40 = I%QX{T]RQi lrefq, < refa.}

4. If npa, > € Nmae and refo, < ref,,,,, increment refq, .

5. Refine 7T, such that the refinement level of the skeleton F,; = 09Q,; N 0SY; is equal
to max(refy,, refg, ). Update hy, (and v as well).

6. Using the updated trace space A, update the flux space V, constrained to it, and
proceed to a new iteration.
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5.3.3 Classic h-adaptivity

For comparison with respect to the trace adaptivity Algorithm 1, we also
consider a classic h-adaptive algorithm for the mixed method, where a hierarchy of
adaptive configurations &, for adapted partitions 7 = {;} are defined. We restrict
the case to subregions §2; of usual element geometry, without internal sub-partitions,
ie, T% = Q (each macro domain is a single element). They are supposed to be the
conglomeration of micro-elements of a refined conformal reference partition 7,.;. This way,
the elements obtained from the refinement of €2; are also supposed to share this property.
Consequently, consistent skeleton meshes 77 and 7;F are feasible. An example is illustrated

by numerical simulations in Section 6.3.1.

At each step of h-adaptivity, &£, is a multilevel finite element setting in the
sense that v = (9, vsk) has the form ~;, = (hyp, ki) and v = (hgg, ksi), where h;,, and
h,, are vectors representing the non-uniform mesh size distributions over the adaptive
partitions 7" and 7. Both polynomial degrees k;, and kg, ke < kin, are assumed to have

uniform distribution over 7 and 7.

At each instance of the h-adaptive process, given the MHM-H(div)-&, approxi-
mation, we apply the estimator of Theorem 3 to compute the distribution of errors over
the subregions. The computed error distribution is used to mark the subdomains to be
refined. The domain partition 7 evolves by the substitution of a subdomain in the current
partition by new ones obtained after refinement. Accordingly, the skeleton I and skeleton
partition 7' evolve as well. Based on the new mesh setting, new trace spaces A and local
divergence-consistent finite element pairs #,(2;) x %,,, (£%;) are created to form a new

finite element setting &,.

The successive h-refinement loops are summarized in Algorithm 2.

Algorithm 2 Subregion h-adptivity

Input initial partitions 7" = {{;} and T, discretization parameter v = (Vin, Vs ), finite
element space setting &,, threshold e € (0, 1), target global estimated error 7,4, and
maximum number of iterations maziter. While 17 > ng0q or iter > maxiter:

1. Solve the problem using MHM-H(div)-£, method.
2. Compute the error indicator npq, associated with each subregions (2.

3. Define 1.y = I%QX{T]]:J,Q,L.}

4. If npo, > € Nmax, mark £2; to be refined.

5. Refine 7 and create 7' keeping mesh consistency, and update h;,, hy;, and 7,
accordingly.

6. Create a new finite element space setting £, and proceed to a new iteration.
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6 Numerical results

This section is dedicated to present and discuss some verification tests for a
posteriori error estimation based on MHM-H (div)-&, formulation analyzed in the previous

sections.

In the presented tests, the macro partitions 7 = {€;}, as well as the internal
sub-partitions 7%, are formed by uniform quadrilaterals. The boundary conditions are
of pure Dirichlet type (I'yv = @) or else of combined Dirichlet and vanishing Neumann

type (on = 0). Thus, 7y o, = 0 in all the cases, and trace constants C, o, are not required.

1
Notice that the Poincaré constant for the convex quadrilateral subregions is Cpq, = —.
7

The quality of the error estimators shall be measured by comparing known
exact errors Ee, = |0 —]g-1 and estimated errors Eey. Global and local effectivity indexes

are also computed:
Eest

)
Eex

Eest(Qi>
Ee (Qz) '

Loy = Lesp(§2) =

All tests are implemented in C++ using the framework NeoPZ, which is an
object oriented environment for the development finite element simulations, where tools
for the construction of the required constrained H(div)-conforming spaces are available
(e.g., a hierarchy of shape functions of high degree for a variety of element geometry,
data structure allowing the identification of facet and internal shape functions of different

degrees, and procedures for shape function constraints).

6.1 Tests with two-level finite element space settings &,

Two test problems with know exact solutions are solved by the MHM-H(div)-
&, method using two-level finite element space settings described in Section 4.5: one
with smooth solution for constant permeability and the second one with an inner point

singularity and piecewise constant permeability.

6.1.1 Problem with smooth solution

Let us start with the test problem for unit constant permeability (i.e., K =1 is
the 2 x 2 identity matrix) having the smooth exact solution u(z,y) = senmasenty (Figure
25 (a)) verifying the full homogeneous Dirichlet boundary condition up = 0 on 0f2. Thus,

the estimated errors are given by

1/2
Eest = ( Z (77?3,91- + 77?%,9,-)) .

Qie%sk
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6.1.1.1 Effect of the shape of the macro domain

We start by testing the robustness of Fo using two different kinds of sub-region

geometry.

Firstly, we take 4 x 4 square subregions with refined sub-partitions 7 obtained
by a single uniform subdivision, as illustrated in Figure 25 (a). The second case is for
L-shaped (non-convex) subregions, each composed of 3 quadrilateral elements (Figure 25
(b)). The skeleton partition 7" is formed by the edges of the subregions. Thus, hey, = 1/4
and h;, = 1/8 in both cases. For these geometric partitions, the space configurations &,
are for polynomial degree ks, = 1 over the skeleton partition and for finite element local
subspaces ¥, (%) x %,,,(§Y;), with k;,, = 3.

00 02 04 06 08 10

Figure 24 — Exact solution u(z,y) of the smooth problem.

|

(a) Square subregions  (b) L-shaped subregions

Figure 25 — Smooth solution problem: (a) square subregions and L-shaped subregions (b).

The results are presented in Figure 27 for the local exact errors Ee.(€2;),
estimated errors npg,, and local effectivity indexes I.;;(€2;) over the subdomains. The
global effectivity index is I.sy = 1.059 for the square mesh setting, whilst /¢y = 1.09 for
the L-shaped case, indicating that the effect of geometry shape is not significant for the

estimator efficiency.
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Figure 26 — Smooth solution approximated by the MHM-H(div)-£, method with square
subregion geometry: exact errors Ee(€2;), estimated errors npg,, and local

effectivity indexes I.;¢(€2;) in the subregions, for space configuration with
hee = 1/4, hiy = 1/8, kg, = 1 and kyy, = 3.

LL‘LL‘ LL‘LL‘ o
Eex (%) NP,

Leps()

Figure 27 — Smooth solution approximated by the MHM-H(div)-&, method with L-shaped
subregion geometry: exact errors Ee(€2;), estimated errors npg,, and local

effectivity indexes I.;¢(€2;) in the subregions, for space configuration with
hee = 1/4, hiyp = 1/8, kg, = 1 and ky, = 3.
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6.1.1.2 Effect of internal refinement

Next, we present convergence histories of flux approximations by the MHM-
H(div)-£, method on a sequence of uniform square subregions for hg, = 277 j=2,...,6,
and internal uniform squared partitions with h;,, = hg/ 21, [ = 0,1 and 2. We take
polynomial degrees kg, = 1,2, and 3, k;;, = kg + ¢, with ¢ = 1 and 2. Notice that in
these cases the internal partitions 7',3; match over the skeleton I', so mesh and space
consistency properties hold. Moreover, the hypotheses made for the well definition of
inter-element smoothing procedure are clearly verified. An example of this two-scale finite

element setting is shown in Fig. 19.

The results for the exact errors F, estimated errors np, residual errors ng,
and effectivity indexes I.;; are summarized in Table 1, and graphical illustrations of these
results are plotted in Figure 28. The rates of flux convergence of order O(hf,;"““) predicted
by the a priori analysis are verified, a behavior closely followed by the estimated error
term 7p. Concerning the residual term 7z, the convergence rate O(h¥" ™) is observed,
verifying the typical error estimate of the L-projection of this smooth source term f over

the potential finite element space U,,, .

Moreover, as compared with np in refined settings, ng is several orders of
magnitude smaller and can be neglected for practical purposes. We observe that the
effective index I.ss is greatly improved by the refinement of the internal partitions 729”
For instance, with kg, = 1, Iefs ~ 2 for h;, = hg, and reduces to almost optimal efficiency
I.sr ~ 1 for hi, = hg,/2 or hy, = hg,/4. The influence of increasing the polynomial degree
kin with respect to kg is also significant. For example, I.¢; ~ 2.3 for kg, = 2, k;;, = 3, and
hin = hsi, and evolves to optimal efficiency I.¢s ~ 1 for the same configuration but with

higher internal degree k;, = 4.
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ko =1, ki =2 kg =1,kyp, =3
hae | EBew | e ] o [ ILgr | hae | B | e | ur | Iy
hin = hsp hin = hgp
1/4 | 2.955e-02 | 5.959e-02 | 2.114e-02 | 2.140 || 1/4 | 2.856e-02 | 3.219e-02 | 1.047e-03 | 1.128
1/8 | 7.323e-03 | 1.473e-02 | 2.657e-03 | 2.045 | 1/8 | 7.098e-03 | 7.917e-03 | 6.576e-05 | 1.115
1/16 | 1.826e-03 | 3.678e-03 | 3.326e-04 | 2.022 || 1/16 | 1.772e-03 | 1.972e-03 | 4.115e-06 | 1.113
1/32 | 4.563e-04 | 9.192¢-04 | 4.159¢-05 | 2.016 || 1/32 | 4.428e-04 | 4.925e-04 | 2.572¢-07 | 1.112
1/64 | 1.141e-04 | 2.298e-04 | 5.200e-06 | 2.015 || 1/64 | 1.107e-04 | 1.231e-04 | 1.608¢e-08 | 1.112
Rate 2.000 2.000 3.000 - Rate 2.000 2.000 4.000 -
hin = hsk/2 hin = hbk/2
1/4 | 2.083e-02 | 2.535e-02 | 2.657e-03 | 1.224 || 1/4 | 2.070e-02 | 2.192e-02 | 6.576e-05 | 1.059
1/8 | 6.290e-03 | 7.390e-03 | 3.326e-04 | 1.176 || 1/8 | 6.259¢-03 | 6.658¢-03 | 4.115e-06 | 1.064
1/16 | 1.688e-03 | 1.963e-03 | 4.159¢-05 | 1.163 || 1/16 | 1.680e-03 | 1.790e-03 | 2.572¢-07 | 1.065
1/32 | 4.357e-04 | 5.044e-04 | 5.200e-06 | 1.158 || 1/32 | 4.337¢e-04 | 4.621e-04 | 1.608¢-08 | 1.066
1/64 | 1.106e-04 | 1.278e-04 | 6.500e-07 | 1.155 || 1/64 | 1.101e-04 | 1.173e-04 | 1.005e-09 | 1.066
Rate 1.978 1.981 3.000 - Rate 1.978 1.978 4.000 -
hin = hsk/4 }Lm = h.;k/4
1/4 | 1.977e-02 | 2.050e-02 | 3.326e-04 | 1.037 | 1/4 | 1.976e-02 | 2.018e-02 | 4.115e-06 | 1.021
1/8 | 6.113e-03 | 6.328e-03 | 4.159¢e-05 | 1.035 || 1/8 | 6.111e-03 | 6.255e-03 | 2.572e-07 | 1.024
1/16 | 1.651e-03 | 1.708e-03 | 5.200e-06 | 1.035 || 1/16 | 1.650e-03 | 1.690e-03 | 1.608e-08 | 1.024
1/32 | 4.270e-04 | 4.416e-04 | 6.500e-07 | 1.034 || 1/32 | 4.268e-04 | 4.372e-04 | 1.005e-09 | 1.024
1/64 | 1.085e-04 | 1.122e-04 | 8.125e-08 | 1.034 || 1/64 | 1.084e-04 | 1.111e-04 | 6.281e-11 | 1.024
Rate 1.977 1.977 3.000 - Rate 1.977 1.977 4.000 -
ksk = 2,kin =3 ke =2, ki, =4
hae | B | mp | e | Lgs | ha | Eew | mp | nr | Iy
hin = hsk h/z'n = hak
1/4 | 1.666e-03 | 3.952¢-03 | 1.047e-03 | 2.453 || 1/4 | 1.658e-03 | 1.684¢-03 | 4.137e-05 | 1.016
1/8 | 2.109e-04 | 4.894¢-04 | 6.576e-05 | 2.341 || 1/8 | 2.107e-04 | 2.113e-04 | 1.298¢-06 | 1.003
1/16 | 2.645e-05 | 6.096e-05 | 4.115e-06 | 2.310 || 1/16 | 2.645e-05 | 2.647e-05 | 4.060e-08 | 1.001
1/32 | 3.309¢-06 | 7.613e-06 | 2.572¢-07 | 2.302 || 1/32 | 3.309¢-06 | 3.310e-06 | 1.269¢-09 | 1.000
1/64 | 4.138e-07 | 9.514e-07 | 1.608e-08 | 2.300 || 1/64 | 4.138e-07 | 4.138e-07 | 3.966e-11 | 1.000
Rate 3.000 3.000 4.000 - Rate 3.000 3.000 5.000 -
hin = hgk/Q }Lm = hgk/2
1/4 | 1.063e-03 | 1.166e-03 | 6.576e-05 | 1.099 || 1/4 | 1.059e-03 | 1.076e-03 | 1.298¢-06 | 1.016
1/8 | 1.730e-04 | 1.822e-04 | 4.115e-06 | 1.053 || 1/8 | 1.727e-04 | 1.735e-04 | 4.060e-08 | 1.005
1/16 | 2.414e-05 | 2.511e-05 | 2.572e-07 | 1.040 || 1/16 | 2.411e-05 | 2.415e-05 | 1.269e-09 | 1.001
1/32 | 3.173e-06 | 3.285e-06 | 1.608e-08 | 1.035 || 1/32 | 3.171e-06 | 3.172e-06 | 3.966e-11 | 1.000
1/64 | 4.062e-07 | 4.198e-07 | 1.005e-09 | 1.034 || 1/64 | 4.060e-07 | 4.061e-07 | 1.240e-12 | 1.000
Rate 2.965 2.968 4.000 - Rate 2.965 2.966 4.999 -
hin = hg. /4 hin = hgp/4
1/4 | 1.009e-03 | 1.016e-03 | 4.115e-06 | 1.007 || 1/4 | 1.008e-03 | 1.014e-03 | 4.060e-08 | 1.006
1/8 | 1.685e-04 | 1.689¢-04 | 2.572¢-07 | 1.002 || 1/8 | 1.684e-04 | 1.687e-04 | 1.269¢-09 | 1.002
1/16 | 2.377e-05 | 2.379¢-05 | 1.608e-08 | 1.001 || 1/16 | 2.376e-05 | 2.377e-05 | 3.966e-11 | 1.000
1/32 | 3.139¢-06 | 3.141e-06 | 1.005e-09 | 1.001 || 1/32 | 3.139¢-06 | 3.139e-06 | 1.240e-12 | 1.000
1/64 | 4.029¢-07 | 4.031e-07 | 6.281e-11 | 1.001 || 1/64 | 4.028¢-07 | 4.029¢-07 - 1.000
Rate 2.962 2.962 4.000 - Rate 2.962 2.962 4.999 -

Table 1 — Smooth solution approximated by the MHM-H(div)-£, method on square sub-
regions using discretization parameters hg, = 277 5 =2,...,6, hin =
[=0,1and 2, kg =1, and k;, = kg +12, 1 =1, 2.

(%) - this missing residual error was saturated by rounding errors.

hsk/2l7
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Figure 28 — Smooth solution approximated by the MHM-H(div)-£, method on square
partitions using discretization parameters hy, = 277, 5 = 2,...,6, hin = hg/ 2!
[ =0,1and 2, kg, =1, ki, = kg, + 4, with ¢ = 1 and 2. Left plots: exact errors
FEo (dashed lines) and estimated errors Feg (continuous lines). Right plots:
corresponding global effectivity indexes I .
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6.2 Singular solution on L- shape domain

The goal here is to study the performance of the error indicator and the
effectivity index when the solution has a high gradient. For this purpose we consider the
L-shaped domain Q = [—1,1] x [-1,1] \ [0,1] x [—1,0] and the exact solution given by
u(r,0) = r*3sin(26/3) with Dirichlet boundary condition such that 9Q = ', and the
permeability tensor K is the identity. Observe that u(z,y) € H*?7¢ for all € > 0 and has
the singularity at the origin of the L-shaped domain. There is no internal refinement with
Rin = hee =272, kg, = 1 and ky, = kg + 3 = 4.

The results for the local exact error and local estimated error per sub-region
are plotted in Figure 29. Observed that the biggest values of the exact errors (Figure 29
(a)) and estimated errors (Figure 29 (b)) are around the origin of the domain, where the
singularity is located. These results suggest that the error indicator defined on Theorem

3 can be used in adaptive process and the adaptive meshes should be refined into this

' 0.026

corner.

0.023
[ 0.020

— 0.020
—0.015
—0.015
—0.010 _ 0.010
— 0.005 — 0.005
0.000 [ 0.000
(a) flo —aulle, (b) npg,

Figure 29 — Singular solution: (a) local exact error and (b) estimated error for L-shape mesh
using space configurations of type kg, = 1 and ki, = ko + 3, hin = hgp = 27°.

Figure 30 shows the history of convergence as hg, — 0.

—11| |
i | - . |
0] e—e—o—o—0—o |
f | < 10
10721 § - |
| | | i 1071 |
107" 107" 107%° 107
h h
(a) Estimated (blue) and exact (red) errors (b) Effectivity index

Figure 30 — Historic of convergence for the singular problem. Left side: curves of estimated
error and exact error; right side: curve of the effectivity index.
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6.3 Solution with inner point singularity

The purpose of this numerical test is to observe the performance of the a
posteriori estimator for the MHM-H(div)-£, method in the presence of the discontinuous

permeability tensor K defined in the region Q = [—1,1] x [—1, 1] by

51 for R; with i =1, 3,
K= (6.1)
I for R; with i = 2, 4,
where Ry = = [—1,0]x[—1,0] and R4 = [0, 1] x[—1,0].
[13
‘ 3
Permeability

Figure 31 — Problem with inner singularity: permeability distribution and exact solution.

We solve the problem with f = 0 and Dirichlet boundary condition associated

to the exact solution

r*(0.447214sen(ab) + cos(ab)), in Ry,

ul(r.0) = 7%(2.33333 cos(af) — 0.745356sen(ad)), inRs, (6.2)
r*(1.0435sen(af) — 0.333333 cos(af)), in Rs,
r%(2.23607sen(af) + cos(ab)) in Ry.

Note that u is the extension to 2 of an eigenfunction of the Steklov problem
on the unit circle S centered in the origin, —KVu - n® = au on 95, with eigenvalue
a = 0.535441. K and u are illustrated in Figure 31.

We apply the MHM-H(div)-£, method with discretization parameters kg, = 1
kin = 2 and 3, on a sequence of square subregions with hy, = 277, with j = 2,...,6,
and uniform square internal local partitions with h;, = hg/ 2! 1 =0,1, and 2. For this

divergence-free problem, with full Dirichlet boundary condition, the estimated errors are

1/2

taken as Feyy = np = ( Z 77123,%) . The more complex error indicators np o, are not
Qienskz

included in the estimators, since they are expected to be negligible with respect to npq,.

The results for the exact errors F., estimated errors np, and effectivity indexes

I.¢¢ are summarized in Table 2. Convergence histories are presented in the left plots of

Figure 32 for the exact errors (dashed lines) and the estimated errors (continuous lines),

versus hgy.
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gy For = 1 = 3
hae | Fe | mp Lip | hae | Feww | mp Losy
hin = hg hin = hgp

1/4 | 4.594e-01 | 7.879¢-01 | 1.715 1/4 | 4.540e-01 | 7.706e-01 | 1.697
1/8 3.178e-01 | 5.465e-01 | 1.720 1/8 | 3.141e-01 | 5.344e-01 | 1.702
1/16 2.195e-01 | 3.780e-01 | 1.722 1/16 2.170e-01 | 3.696e-01 | 1.704
1/32 1.516e-01 | 2.611e-01 | 1.723 1/32 1.498e-01 | 2.553e-01 | 1.705
1/64 1.046e-01 | 1.802e-01 | 1.723 1/64 1.034e-01 | 1.762e-01 | 1.705
Rate 0.534 0.532 - Rate 0.534 0.532 -

hm = hsk/Q hzn = hsk/2
1/4 4.560e-01 | 6.693e-01 | 1.468 1/4 | 4.557e-01 | 6.610e-01 | 1.450
1/8 3.155e-01 | 4.642¢-01 | 1.471 1/8 3.153e-01 | 4.584¢e-01 | 1.454
1/16 2.179e-01 | 3.210e-01 | 1.473 1/16 2.178e-01 | 3.170e-01 | 1.456
1/32 1.504e-01 | 2.218e-01 | 1.474 1/32 1.504e-01 | 2.190e-01 | 1.457
1/64 1.038¢-01 | 1.531e-01 | 1.474 1/64 1.038¢-01 | 1.512e-01 | 1.457
Rate 0.534 0.532 - Rate 0.534 0.532 -

hin = he/4 hin = hg, /4
1/4 4.558e-01 | 6.003e-01 | 1.317 1/4 4.558e-01 | 5.955e-01 | 1.307
1/8 3.153e-01 | 4.164e-01 | 1.320 1/8 3.153e-01 | 4.130e-01 | 1.310
1/16 2.178e-01 | 2.880e-01 | 1.322 1/16 2.178e-01 | 2.856e-01 | 1.311
1/32 | 1.504e-01 | 1.989¢-01 | 1.323 1/32 1.504e-01 | 1.973e-01 | 1.312
1/64 | 1.038¢-01 | 1.373e-01 | 1.323 1/64 1.038e-01 | 1.362e-01 | 1.312
Rate 0.534 0.532 - Rate 0.534 0.532 -

Table 2 — Solution with inner singularity approximated by the MHM-H(div)-£, method
based on square partitions, with discretization parameters hy, =277,7 =2,...,6,
Rin = he/2', 1= 0,1, and 2, kg = 1, ks, = 2 and 3.

Due to the low regularity of the true solution around the origin, the observed
rate of convergence is of order ~ 0.535, both for exact and estimated errors, a result
compatible with the regularity index of the exact solution inside the quadrants R; of

constant permeability.

The plots on the right in Figure 32 are for the corresponding global effectivity
indexes, indicating a stable good behavior as the coarse partitions are refined. Moreover,
the effectivity index improves when h;, decreases, but it seems to be less influenced by

the adopted polynomial degree adopted inside the subregions.
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Figure 32 — Solution with inner singularity approximated by the MHM-H(div)-£, method
based on square partitions using discretization parameters hy, = 277, j =
2,...,6, h;, = hsk/Ql, [=0,1and 2, kg, = 1, ks, = 2, and 3. Left plots: exact
errors (dashed lines) and the estimated errors (continuous lines). Right plots:
corresponding global effectivity indexes.
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6.3.1 Solution with a corner strong gradient

In this section the numerical tests are for the model problem with K = T
in Q = [0,1] x [0,1], I'p = 9Q, up = 0. The source term f is such that u(z,y) =
2y(1 — 2)(1 — y)e'® 1% /537930 is the exact solution, having strong gradient around the
corner (1,1), as illustrated in Figure 33. For this problem we show simulation results
obtained using a two-level setting and by the application of the two h-adaptive Algorithm
1 and Algorithm 2.

6.3.1.1 A two-level numerical test

The first test is for a two-level setting for 7 composed by 5 x 5 square elements
1 .
(hs = 5)’ and sub-partitions 773; with h;, = hg /2. The finite element spaces are for

polynomial degrees kg, = 1 and k;, = 3.

The local errors in each macro domain §2; € T are shown in Figure 33 (in
logarithmic scale). Observe that, as expected, the exact and estimated local errors are
more significant around the corner (1, 1). Figure 33 also shows the local effectivity indexes
npgo, indicating that the estimated errors are effective when applied to a problem with

high gradient. In this case, the global effectivity index is I.¢; = 1.07.

10
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— 0.60

2.16e-01
[ 2.00e-2
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— 2.00e-3

L.
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Figure 33 — Solution with high corner gradient approximated by the MHM-H(div)-&,
method based two-level finite element setting for uniform coarse square par-
tition, for hg, = 1/5, hin = hs/2, kis = 1, and k;;, = 3: the exact solution
u(z,y), local exact errors, local estimated errors, and local effectivity indexes
in each macro domain ; € T.

— 2.00e-4

lS]Se-Oé

6.3.1.2 Comparison of adaptive strategies

We apply Algorithm 1, with the fixed partition 7° of 3 x 3 square subregions
(hs = 1/3). The subregion partitions ﬁlﬂn, as well as the boundary edges, are at the finest
refinement level h;, = hg,/2°. The finite element space settings &, use polynomial degrees
ko, = 1 and k;;, = 2. Starting from the initial skeleton partition 71, six refinement steps

of Algorithm 1 are applied to give h-adapted skeleton partitions 77, ¢ =1,...6.

Nlustrations of 71, for £ = 0, 1,4 and 6, are plotted on the top side of Figure
34. Initially, at level £ = 1, only the internal edges of the three subregions closest to the
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corner (1,1) are refined. At the final refinement level ¢ = 6, the edges of all subregions have
been submitted to some refinement extent, which increases towards the corner singularity
point. As shown in the zoom in detail, the finest mesh width h;, is reached on the edges

of 715 on the closest subregion to the singularity corner. For comparison, we perform the

TF,O TF,I TF,4 TF,G

AF

I
O8N0 DAL NS
[TTTTT T HFFA

HTH

Figure 34 — Solution with high corner gradient approximated by the MHM-H(div)-&,
method for &£, based on a sequence of six h-adaptive partitions: by refinement
of the skeleton partition of Algorithm 1 (top meshes), and refinement of the
subregions of Algorithm 2 (bottom meshes).

MHM-H(div)-£, method by the classic h-adaptive process of Algorithm 2, using tolerance
treshold € = 0.2 (meaning that 20% of the elements with largest error indicators are refined
in each step). Recall that the square subregions §2; do not have internal sub-partitions, i.e.,
T = ;. We start with the same initial coarse partition 7° composed by 3 x 3 subregions
and apply six refinement steps to obtain h-adapted partitions 7%, ¢ =1,...,6. Some of
them, for £ = 0,1,4, and 6 are shown on the bottom side of Figure 34, revealing that
the refined elements are concentrated around the corner (1,1) where the solution is less

regular.

Exact and estimated error curves for the MHM-H(div)-£, method based on
these h-adaptive space configurations &, are plotted in the left side of Figure 35 versus
the number of required degrees-of-freedom (DoF'). For comparison, results for uniform
refinements are also shown. Observe that the h-adaptive settings demonstrate to be more
efficient than the uniform scheme, specially for the trace adaptive Algorithm 2, with a

strong error decay and high reduction of the number of equations to be solved.
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Figure 35 — Solution with high corner gradient approximated by the MHM-H(div)-&,
method based on uniform partitions (red lines), on h-adaptive trace partitions
by Algorithm 1 (A1l - black lines), on h-adaptive partitions by Algorithm
2 (A2 - blue lines), using ks = 1 and k;;, = 3. Left plots: exact errors Eey
(continuous lines) and estimator errors Ees (dashed lines) versus DoF. Right
plots: effectivity indexes I.ss for uniform and adaptive settings.

6.3.2 Flow in heterogeneous porous media: trace adaptivity

The last example refers to a divergence-free flow (f = 0) in a heterogeneous
reservoir model. We consider the 2D dataset of the 36th layer of the SPE10 benchmark
problem on a rectangular domain 2 = [0, 208] x [0, 48], and heterogeneous permeability
distribution, as plotted in Figure 36 (shown in the logarithmic scale). The Dirichlet
boundary is split into I'p = I'p UT'p; where I'py = {(z,y) : 2 =0, 0 <y <48} and
I'p1 = {(z,y) : =208, 0 <y < 48}. The boundary condition up = 0 is enforced on
I'po and up =1 is enforced on I'p ;. Elsewhere, vanishing Neumann boundary condition
on = 0 is applied.

8.4e+03
[ 1.0e+2

— 1.0e+1
— 1.0

[ 1.0e-1
2.2e-03

Figure 36 — Heterogenous permeability (in log distribution).

The domain € is discretized taking 13 x 3 coarse square subregions €2; forming
T°, with fully refined sub-partitions 7}?” (hin, = 1). The space configurations &, are for
polynomial degree kg, = 1 over the skeleton partition and local subspaces ¥, (€2;) X %, (%)
with k;, = 4. A sequence of h-adapted skeleton partitions 71, £ = 1,...,8 are computed
by Algorithm 1. The purpose is to verify the reliability of the error indicator npgq,, given

by Theorem 3, to detect the regions where the trace refinement is necessary to choose an
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appropriate skeleton partition in the presence of this highly heterogeneous permeability

configuration. We emphasize that no reference solution is used.

The illustrations in Figure 38, for £ = 0,1, 3,6, and 8 show the strong decay
of the local estimated errors F..(£2;) (indicated by color scales) following the adaptive

refinement of the trace partitions 7.

The fields after the last level of the trace adaptivity are shown in Figure 37.
The approximate potential @ is indicated by a background color map. The flux & is plotted

as glyphs, scaled by the factor 150.

Figure 37 — Darcy’s model with heterogeneous permeability: approximation potential 4
and flux & by the MHM-H(div)-&, based on the coarse sub-region partition
TP, the trace adapted partition 77, internal sub-partitions ’T,f);, with h;, = 1,
polynomial degrees kg = 1, and k;, = 4.

The evolution of the corresponding global estimated errors FE.y are plotted
in Figure 39. For comparison, estimated errors obtained by uniform refinement of the
skeleton mesh are also shown. As observed in the previews example for the solution with
strong corner gradient, the trace h-adaptive process applied to this heterogeneous flow

problem also provides a fast error decay, with a strong reduction of the degrees-of-freedom.
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Figure 38 — Darcy’s model with heterogeneous permeability: h-adapted skeleton partitions
T8 0 =1,3,6 and 8, and local estimated errors npq, of adaptive solutions
obtained by Algorithm 1 for the MHM-H(div)-&, formulation using the fixed
coarse sub-region partition 7° and internal sub-partitions 7753”, with h;, =1,
polynomial degrees kg, = 1, and k;, = 4.
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Figure 39 — Darcy’s model with heterogeneous permeability: estimated errors of adaptive
solutions of the MHM-H(div)-&, formulation obtained by Algorithm 1 using
space configurations based on the fixed coarse sub-region 7°, internal sub-
partitions T}?n, with hs;, = 1, trace adapted partitions 77¢,¢ = 1,...,8,
polynomial degrees kg = 1, and k;, = 4.
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7 Conclusion

In this work, an a posteriori error estimator is presented for the Multiscale
Hybrid Mixed method. The estimator is based a posteriori error estimations for standard
single-scale mixed methods presented in the literature to the multiscale MHM-H(div)-&,
context. The proposed methodology based on a reconstruction procedure aimed to recover
a second continuous approximation for pressure to estimate the unknown exact flux and
pressure errors. The results demonstrated the efficiency of the proposed approach by

computing the efficiency index in problems with known exact soluions.

Moreover, the error estimator provides computable error bounds. The approach
can be used to identify regions of the domain in which the approximation error is greater,
which allows for the use in adaptive mesh refinement procedures. The obtained results
confirmed the applicability of the proposed method to optimize multiscale simulations,
which is particularly required in the context of heterogeneous materials with fine-scale

characteristics.

The algorithm was implemented in the NeoPZ environment, an open-source,
cross-platform, finite element library written in C++. This implementation ensures that
the proposed approach is readily available to researchers and engineers who work with
multiscale simulations. The developed code can also be used as a starting point for further
research in the area, and it is expected to contribute to the development of new applications

for multiscale methods in different fields of engineering.
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APPENDIX A — Proof of Theorems

A.1 Proof of Theorem 1

Before going throughout of Theorem 1, consider the mapping R : A, — U,
defined by / RO\ vdz = / ehvds, Yo e Up.
Q 09

3

Lemma 2. The mapping R restricted to the subspace p € Ay; plry = 0 is surjective on
Us.

Proof. Given v* € Uy, let 7% € H'(Q,R?) satisfying V - 7% = v*, with 7* - n%|p, = 0.
Then, define \* = #* - n|r, where 7* = 17 7% € ¥,. Thus, e A, 5\*|FN =0, and

the assumption v* € Uy C U,,, implies that V - 7° = v*. Consequently, / viudr =
Q,

7

/ 7 - n%uds = / e\ vds, for all v € Uy, meaning that RA\* = v*, and the result
BQi 891’
follows. o

Theorem 1 states uniqueness of solution for the local (4.3)-(4.4) and global
(4.5) systems. The well posedness of the local systems (4.3) and (4.4) is a consequence of
the divergence-compatibility of the local finite element pairs ¥, () X %,,, (€%) and the
interpretation 7'(x) and T'(f) as mixed formulations for zero mean potentials of the local

Neumman problems

ol =—-KVu", V.o'=R(u) in Q;, o -n=ponod,
o/ = Kvu!, V.ol =Ty(f)in @, o/ n=0o0n0dQ.

In order to verify the uniqueness of solution of the global system, take zero
data f = 0 and up = 0. From the well posedeness of the local solver T(f), thus o/ =0
and u/ = 0 for f = 0. Thus the global system (4.5) becomes: find @y € Uy and A € A,

with A|p, = 0, solving
/ K-'o* ot du —/ UV -otdr = 0, Vpel, withpylr, =0,
Q Q

/QV~0"~\g0dx = 0, Veel,.

Taking test function ¢ = V - ot e Uy, the last equation turns into / V.o'V-
Ja

o dr = 0, implying that V - ot = 0. Consequently, by taking p = X in the first equation

we obtain / K lo* ot dr = 0, implying that o =0 (ie., A =0 as well).
Q
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Finally, the remaining equation is / Gy V-oldr =0, Vue A, with pu|r, =0.
Q
Let p = p* € Ay, 0*Iry, = 0, be such that 4y = Rp”* (by Lemma 2). Recalling that
V-o" = R(p*), we conclude that iy = V - o
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A.2 Proof of Theorem 2

Let us denote by (8,w) € V., x U, the solution of the well posed mixed
formulation (4.6). Set @ = 1y + W, ¥ = & - n|r. By testing (4.6) with v € U,, and
qc \O/'hm? both with support in €2;, and using the fact / wo V - qdxr = 0, we obtain

Q;

/ K—lg-qu—/ WtV - qdz =0,
Qi Qi

/V~.§de:/ fudzx.
Qi Qi

Using test functions q = o of facet type, for arbitrary p € A, with p|ry = 0, we obtain

(A.1)

/K‘lé-a“dx—/w0V~a“dx:—/ up ot - n, ds. (A.2)
Q Q I'p

where we used the fact V - o* € U, is ortogonal to w". Finally, for ¢ € Uy, the last

equation in (4.6) turns into

/QV-éwdmz/Qf@dx. (A.3)

Let (6,4, \) be the solution given by the MHM-H(div)-£, method. By confronting the

corresponding local Neumman solvers (associated to p = \) and equations in (A.1), the

following identities hold for the differences & —§ and @ — ", with (6 —8)|aq, = (A—v)|aq,:

/ K qdaz—/(&L—wL)V-qu:O, qu\o/'hm,

Q;

(A.4)

/Q V.[6—-apde=0, VYoeU, .

By using (A.2)-(A.3), then iy — 1 € Uy and A — & € A, with A\ — #|r, = 0 solve
/ K! ot dr — / (Gg — W)V -otdr =0, Vue A, with plpy =0,
(A.5)
/V 6 —38)pdr =0, Vel

Observing from (A.4) that 6 —§ = o7 and @t — @t = w7, then equations

(A.4)-(A.5) imply that (& — 8, (g — W) + (4 — wh), X — #) solve the MHM-H(div)-&,
method for vanishing data f = 0 and up = 0. Thus, Theorem 1 implies that A = 7,

Ty = Wo, 4~ = w*, and & = 8. O
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