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A B S T R A C T

Wax deposition is a costly problem for the O&G industry, especially for pipelines in cold en-
vironments. For at least three decades, the scientific community has overwhelmingly agreed
that molecular diffusion is the main mechanism for wax deposition. There are, however, se-
vere problems with models based on molecular diffusion. They rely on untested hypotheses and
several empirical correlations; hence, they can hardly predict the experimental data from labo-
ratory. For real fields, the prediction is no better than an educated guess - heuristic solutions.
Several research areas in wax deposition need to be better understood, and these are discussed in
detail here, with a highlight to the most important concern: the controlling mechanism. Is wax
deposition indeed a mass transfer controlled phenomenon? What is the evidence supporting
this "general knowledge"? Is it possible that, for some conditions, mass transfer is dominant,
and for others, the phase transition mechanism is dominant? Apart from this main concern, we
also promote discussions on other issues: the accuracy of empirical correlations for diffusivity,
the behavior of crystals in the deposit and how that influences the general deposit behavior,
non-Newtonian influence on heat transfer and mass transfer, among others. Wax deposition is a
complex topic that has been reviewed over and over. In this review, however, we focus on both
presenting what has been proposed and discussed in the literature and make a critical analysis
on the topic. The goal is to increase the general knowledge by highlighting a number of gaps
and challenges related to this complex and financially exorbitant issue.
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1. Introduction
There are several open questions regarding wax deposition in pipelines. As a consequence, it is difficult to accu-

rately predict where and how significant wax will accumulate in the production system. "Modern" simulators include
various empirical parameters that are poorly explained or modeled [1]. The relevance of this general inaccuracy is the
cost of removing or managing the deposit, which can represent the biggest OPEX of some fields [2].

Before we introduce the wax deposition process, it is important to briefly introduce the waxy crude oil fluid and its
properties. As is widely-known, waxy crude oils are a complex mixture with a high concentration of high-molecular-
weight linear alkanes (C18 upwards) [3]. From a thermodynamics perspective, the most important temperature for
waxy crude oils, at least when discussing wax deposition, is the phase transition temperature. Even though there
is experimental evidence that the Wax Dissolution Temperature (WDT) is the most accurate equilibrium solubility
temperature [4], The literature mostly mentions Wax Appearance Temperature (WAT) due to the complexity of waxy
crude oils. This review does not focus on this specific discussion; WAT is a meta-stable condition where wax crystals
can be observed.

Figure 1 shows a general view of how the phenomena evolve for long enough pipelines, the coolant is represented
as a schematic for a pipe-in-pipe system but, for this manuscript, it could be any sea current in any direction. As the oil
flows in the pipeline, its average temperature decreases; when above the WAT, it is called hot flow regime [5]; when
below the WAT, it is called cold flow regime [1, 6, 7]. As the oil flows in the cold flow regime, its composition changes
because wax crystals precipitate. Hence, the characteristic temperatures also change downstream. The WAT or WDT
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used throughout the manuscript always refers to the phase transition temperature, before the change in composition
due to precipitation[8].

In Figure 1, the temperature profile is shown in red for two different regions. At the pipeline center (r=0), the bulk
temperature is above the Wax Appearance Temperature (WAT) for the hot flow and, below the WAT, for cold flow
condition. For the hot flow condition, as the radial position increases, the temperature decreases and reaches the WAT
and the wax therefore starts to precipitate. As the radial position increases even more , the interface with the static
deposit is reached and, at this point, we show a complex and non-continuous interface, which is the reality. For the
cold flow condition, there is wax crystal precipitated in the bulk and, as the bulk is below the WAT, the interface is also
below. Again, the phase transition temperature in the cold flow is no longer the original WAT since the composition
of the fluid has changed.

Figure 1: Schematic of wax deposition phenomena focusing on the transition between hot flow and cold flow.

The next discussion is the continuous and hydrodynamic smooth interface [1, 3, 9], and we highlight this assump-
tion in Figure 2. The fractal dimension and crystalline growth (3D) are not considered and the solution is similar to
the classic approach where the relative roughness of a pipe is disregarded. This hypothesis has not been verified for
wax deposition and, to our knowledge, there are no experiments that quantify the effect of the relative roughness of
the deposit. All models and commercial and academic simulators use the smooth and continuous hypothesis for the
interface. Hence, from this point forward, when the interface is mentioned, we assume it is smooth and continuous.

It is important to separate the mechanism and the hypothesis for modeling each process during wax deposition.
They are usually separated into three general areas: start, growth, and aging. The discussions in the literature mainly
include the second and third problems [1, 3, 5, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. Usually, the focus is on the
kinetics of the deposit’s thickness and how the concentration of the wax inside the deposit varies, assuming the deposit
already exists.

A representation of a mass transfer approach focusing on growth and aging is represented in Figure 3, which shows
a schematic of several phenomena during wax deposition. The arrows above the WDT show the radial direction of
dissolved wax, the dissolved molecules are not represented. Wax particles are represented as black needles, however,
the crystals’ morphology varies considerably, their formats vary between needle-like, circular shape, and fractal crys-
tals, depending on several conditions [20]. Molecular structure, cooling rate, shear stress, shear rate, temperature, and
temperature histories are just some examples of variables that influence the morphology of crystals and agglomerates
[21] [22].

In mass transfer-based models, the most accepted mechanism is molecular diffusion [10], [23], [14], [13]. In
Figure 3, the temperature profile is shown in red. At the center of the pipeline (r=0), the bulk is above the WDT, thus
no wax precipitated. As the radial position increases, the temperature decreases and reaches WAT and the wax starts
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Figure 2: Schematic of the first simplification of every model, assuming a continuous and smooth interface.

Figure 3: Schematic of mass transfer-based models for wax deposition phenomena in full complexity. Temperature,
Concentration and Velocity profile possibilities.

to precipitate. As the radial position continues to increase, the pour point (Tpp) is reached, leading to a non-Newtonian
behavior [24]. Further increasing the radial position, the interface with the static deposit is reached (Ti). Since Figure 3
is a representation of a mass transfer approach, the concentration gradient is also represented in blue. Supersaturation
effects are represented by a discrepancy in the temperature profile and the concentration profile, this is based on the
fact that the cooling down and the precipitation kinetics do not necessarily occur in the same time frame, meaning that
the precipitation process can be longer than the cooling process, which leads to supersaturation [25].

Figure 3 also shows the velocity profile, considering several possibilities of non-Newtonian behavior, since that
depends on the fluid and there is no consensus in the scientific community on the general behavior. One must highlight
that most waxy crude oils have a shear thinning behavior when at constant temperature [26], [27]. However, if
the viscosity increases because the temperature gradient is higher than the viscosity decrease, due to the shear rate
gradient, the behavior of the crude would be similar to a shear thickening. Thus, both shear thickening and shear
thinning are shown in the velocity profile.
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From the interface all the way to the pipeline wall, a static porous media is represented. It is widely assumed that
the thermodynamic properties are constant; e.g., conductivity and specific heat, and a homogeneous radial distribution
of mass [28]. The crystals were represented as needle-like, but again, a variety of morphologies have been observed.
The average molecular weight of the deposit is known to increase over time, and that is the second main focus in the
literature - the aging process [13, 16].

There are two main approaches in the literature on how to model wax deposition growth. The most accepted
approach, mainstream modeling, is mass transfer based [3],[10], and the lesser known approach is what we shall call
phase transition based [6]. Mass transfer models are based on the concentration difference between the bulk and
the interface, usually assuming Fick´s first law. The phase transition model is based on partial freezing and phase
transition from liquid to solid [19]. Both models use similar equations of heat transfer, the main difference between
the two approaches is the boundary condition and what limits the growth of the deposit; the hypotheses shall be
discussed in detail.

This review is separated into another nine sections. Firstly, a general view and the state of the art, followed by
the energy conservation focusing on the hypotheses of the main approaches. After, an in-depth discussion of the
mechanisms of the bulk assuming a Newtonian fluid. We then investigate how the literature discusses the effect of
non-Newtonian behavior and how it can influence wax deposition assumptions and models. Once the bulk is covered, a
discussion ensues on existing models and their hypotheses for the deposit. This is followed by a discussion on possible
mechanisms for the beginning of the deposit. Finally, a brief description of the hypotheses and models presented in
commercial and academic simulators. The conclusions include a summary of the main points.

2. General View: State of the Art
Once the problem has been introduced, a brief description of the state of the art regarding the approaches on wax

deposition should help the reader navigate through the document. There are two main fronts in the state of the art on
wax deposition discussion; one is applied by all commercial simulators and is accepted and used by most specialists.
The other has a history of being overlooked by the literature, but has gained relevance in recent years due to the lack
of predictability of the former. Both fronts shall be explained and discussed in detail in this manuscript.

Most of the literature regarding the second approach [6] calls it a heat transfer approach, but for clarity and because
we believe this would better separate the models, this manuscript shall refer to it as phase transition approach, in short,
they can be summarized as:

1. molecular diffusion + shear stripping [23]
2. phase transition (heat transfer) [6].
We start with a general perspective on the state of the art of these three mechanisms: mass transfer (molecular

diffusion), shear phenomena (shear stripping), and heat transfer (phase transition). Clearly, it is not because these are
the most discussed mechanisms in the literature that others are not present or important.

2.1. Molecular Diffusion + Shear Stripping
2.1.1. Mass Transfer Mechanisms: Molecular Diffusion

It is important to start the discussion on mass transfer mechanisms with the biggest problems of this approach. The
main criticism regarding the mass transfer approach to wax deposition is the impossibility to predict the decrease in
deposit size as the Reynolds number increases. To explain this occurrence, it demands another phenomenon related to
the removal of mass from the deposit due to shear related phenomena. Although this is an interesting and seemingly
appropriate hypothesis, there is a severe lack of direct experimental evidence of it. Despite the lack of evidence of its
existence, there is almost no discussion on forces and mechanisms involved in the removal and no discussion on how
the fracture occurs, whether a brittle fracture or a smooth removal, except for [29].

Another important point is that mass transfer models present a singularity at time equals zero (t=0). The user
has to work around this singularity and mask it to make the model behave appropriately. The lack of proper initial
conditions is definitely not a good sign and indicates a model based on weak physical principles.

Aside from these main issues, there are several others that lack answers when discussing mass transfer-based
modeling. Most of them are subject of research by several groups, a few examples are: the effect of entropy and how
it influences the mass transfer behavior due to supersaturation effects [25]; accuracy of Hayduk and Minhas [30] for
complex fluids with molecules with more than 32 carbons; influence of precipitated molecules in the diffusivity of the
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solute [31]; the effect of non-Newtonian behavior in mass transfer; and the influence of wax crystal size and fractal
dimension in the rheological behavior and thus the deposition rate [32].

2.1.2. Shear Induced Based Mechanisms
The shear induced mechanisms in the literature of wax deposition were always secondary phenomena. They

were always proposed as fitting-data phenomena, the only exception was Paso et al. [29]. Apart from this, they were
not proposed based on fundamental laws and are extremely common in mass transfer-based literature [3] [13] [33].
The approach is usually to assume molecular diffusion and, if that is not enough, fit the data with shear induced
mechanisms.

At the beginning of the research on the wax deposition, one mechanism was proposed to cause a positive net flow
of precipitated particles between the bulk and the deposit, thus, causing an increase of the deposit: shear dispersion
[9] [34]. After the review of Azevedo and Teixeira [9] and an abundance of experimental evidence [35] [36] [37], as
properly described by Merino-Garcia et al. [1], the evidence showed that, as the shear rate increases, the size of the
deposit decreases [35] [36] [37], thus, shear dispersion mechanism was no longer considered relevant.

Several other models and mechanisms were proposed to "predict" what was believed to be the effect of shear.
Nowadays, the argument is that shear is responsible for controlling the size of the deposit [38] under high turbulent
flows. Because they were always poorly defined secondary phenomena, the terms have been used broadly with
different names and definitions. The detail of the models and approaches are described later in this review but, as
discussed before, they are all based on empirical correlations that derive from the main assumption of mass transfer-
based wax deposition model.

Venkatesan and Fogler [38], for example, called the phenomenon “shear reduction”, arguing this could either be
the removal of mass from the deposit or hindering of the diffusion/flow of particles. Currently, it is more common
to find what Venkatesan and Fogler [38] called “shear reduction” mechanism separated into two phenomena. The
first and most famous being called “shear stripping” [39], which has also been called “shear sloughing” [29] [36],
where the flow removes wax from the static deposit. The second mechanism, where the shear hinders the flow of
particles towards the deposit, has been idealized but not properly described and formulated, and is referred to as
“shear reduction” [39].

2.2. Phase Transition (Heat Transfer)
Because this is a less known and discussed approach in wax deposition literature, it is important to briefly describe

it here. The main assumption of the phase transition approach is that the temperature of the interface is always constant
and the wax deposition phenomenon would therefore be a phase transition problem; i.e., a thermodynamics problem,
similar to ice deposition of a single component [40]. A review on this approach has been published recently [6], where
the discussion and hypothesis are presented in their entirety.

There are two strong arguments for phase transition-based models. First, all experimental data (small database) in
the literature seems to indicate a constant temperature of the interface [16, 41, 42, 43, 44, 45, 46], and we highlight
the recent measurements of Veiga et al. [41], which has the best measurements of the temperature profile in a wax
deposition experiment in the open literature. Second, it can explain the fact that, as the Reynolds number increases,
the deposit would be smaller, which is the biggest problem of mass transfer models. The heat transfer’s simple
explanation (based on energy conservation) is that an increase in the Reynolds number decreases the convective
thermal resistance, which in turn must be matched with a decrease in the deposit conductive thermal resistance via a
decrease in the deposit thickness for the same temperature gradient.

A big problem with the hypothesis that the interface is always at WAT is the massive lack of comparison with
experimental data, which is a direct consequence of the scientific community and O&G industry assuming molecular
diffusion as dominant. To our knowledge, all experimental data compared to phase transition models were accurate,
but obtained in small experimental apparatus, allowing reliable data, but severely limiting the phenomena involved.
This is important to highlight, because the measurement of the interface temperature is probably the experiment that
will prove what mechanism is dominant. To prove that wax deposition is indeed a molecular diffusion mechanism,
some experiment needs to show that the temperature of the interface varies from the temperature of the wall to the
WDT as the deposit grows.

The most important question arises here, which is: what limits the growth of the deposit, temperature or shear
stress? One must note that there perhaps is no clear or simple answer to that. The size might be limited by both,
depending on the conditions and fluids. It is certain that experimental campaigns focusing on testing the hypothesis
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of both approaches are necessary.

3. Energy Conservation
The energy conservation is used by all wax deposition models. Most of the assumptions are similar regardless of

being mass transfer or phase transition-based models. Some of those assumptions are not usually discussed in the wax
deposition literature because they are "classic knowledge" but, since this is a review, we shall briefly present them. The
interesting part is not the common assumption, but how the equations change as the assumptions of different models
are made, which is why we decided to present the equations, as shown in the following sections. The discussion will
start with the first control volume - the bulk. At this point, we assume the existence of a smooth continuous interface,
which creates the frontier between the bulk and the deposit.

3.1. Bulk
Starting from a microscopic energy equation disregarding radiation and assuming constant thermal conductivity

of the bulk (kbulk):

�
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⎜
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Where U is the internal energy of the bulk, p is pressure, � is the tensor of stress, S is the source term, that is
usually modeled as a phase transition term, � is the density, u⃗ is the velocity vector and ∇ is the Nabla operator.

By assuming the following:
1. incompressible fluid (∇ ⋅ u⃗ = 0)
2. constant pressure, thus, the internal energy is determined as a function of temperature applying the specific

heat capacity ()U = cp,bulk)T )
3. negligible viscous dissipation, as used in all wax deposition literature but with no discussion on its limitations,

thus, we shall assume as true
4. similar bulk and wax density and no change in density when the wax precipitates in the bulk
5. axisymmetric flow
6. negligible re-circulation and secondary flow (not necessary when the solution is numeric)
And, finally, using cylindrical coordinates, we obtain [26]:
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If the bulk is above the WAT (hot flow in the heat-transfer literature)[6], than the phase transition term is zero and
it is possible to obtain the equation used by [26], a consensus in the literature. Lee [13] adds the momentum diffusion
to this equation for turbulent flow with thermal diffusion, thus the assumption that it is constant is no longer valid and
it should be kept inside the gradient of the temperature.

From this point forward, there are different approaches in the literature. Lee [13] argues that the heat generated by
precipitation is around 0.1 % when compared with advection and diffusion term. They also disregarded the transient
(storage) term in their simulations and assumed that the amount of mass precipitated in the bulk can be calculated
using heat-mass transfer correlations. Mehrotra et al. [6] modeled the source term with the assumption that all the
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latent heat released during precipitation is absorbed by the bulk.

Steady State = 0 [13]
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If the solution of energy conservation of the bulk is not numeric, than more simplifications are necessary, inte-
grating over the control volume considering the average velocity, integrating over length )x and radially )r, with
some algebra and applying a classic boundary condition where the sub-laminar layer conduction and convection are
assumed to be equal:
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Lastly, the final form of the transient 1D average equation for the bulk as used by [6]. For clarity, we separate the
areas with sub-indices: the flow area (Ai) and the superficial area of the interface (Aℎ). The temperature to calculate
the radial heat transfer is the average between the points T̄ = T (x0,t)+T (x1,t)

2 :

(AiΔx)�cp,bulk
)T
)t
+ ṁcp,bulk

(

T (x0, t) − T (x1, t)
)

= Aℎℎ(T̄b − T̄i) + (AiΔx)S (5)

Considering that the temperature at some radial position is below the WDT, thus assuming the presence of precip-
itated crystals [9], [29], [19], [11]; another diffusion-like mechanisms can occur, such as a Brownian diffusion [47].
Despite diffusion-like, several other mechanisms can cause radial transportation of wax, for instance, shear dispersion
and gravity settling, all these mechanisms shall be discussed in detail in the next section and are unrestrained by the
main model’s assumptions.

Apart from all the mechanisms mentioned, there is the influence of precipitated crystals in the rheological be-
havior of the oil, non-Newtonian behavior [26]. There is a problem with this last topic as the influence regarding all
phenomena that is non-Newtonian is not usually considered. The scientific community has limited knowledge of its
influence on mass transfer, heat transfer and even the appropriate constitute equation. The few scientific publications
that consider non-Newtonian behavior in wax deposition assume a viscoplastic constitutive equation [48], [24], [26]
and, although that is a start, it is far from appropriate since no material only shows viscoplastic behavior. The topics
related above evidence the complexity of the wax deposition study.

3.2. Deposit
There are several hypotheses that simplify the energy conservation equation that are valid for the bulk and the

deposit, they shall not be discussed again as they are in section 3.1 for reference. The first hypothesis that is widely
used by the models assumes that the deposit is static, thus the convection term shown in Equation 1 is zero u⃗ ⋅∇U = 0.
Assuming that the radial length scale is much smaller than the axial length scale, and also assuming that the density
of the deposit and the bulk are similar,

�cp,dep
)T
)t

= kdep∇2T +ΔH

�dep ≅ �bulk
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
)(�depF̄w,dep)

)t
⇔ �cp,dep

)T
)t

= kdep

⎛

⎜

⎜

⎜

⎜

⎜

⎝

≅ 0
⏞⏞⏞
)2T
)x2

+1
r
)
)r

(

r)T
)r

)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+�ΔH
)F̄w,dep
)t

(6)
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The next common assumption used by almost all the models is that the deposit is at thermodynamic equilibrium.
Thus, it is possible to obtain [18]:

�cp,dep
)T
)t

= kdep
1
r
)
)r

(

r)T
)r

)

+ �ΔH
)F̄w,dep
)t

(7)

Interestingly, most models assume, for simplicity, that the deposit is not at transient condition and therefore sim-
plify them to steady state.

3.3. Interface (Heat Flux)
The last part of the heat transfer equation is the heat flux through the interface, which can be viewed as the bound-

ary condition for the equations mentioned in sections 3.1 and 3.2. To highlight the difference between approaches, we
show a classic example of both [5] and [3].

The most important difference is the definition of the boundary condition. Phase transition models always assume
Ti = WAT . Mass transfer models do not impose a restriction in the temperature of the interface. Instead, they
calculate the size of the deposit using diffusion and a series of empirical correlations and, with the value of thickness,
it is possible to obtain the temperature of the interface with the equation below.

H = kdep
dT
dr

|

|

|

|

+

ri
− ℎb

(

Tb − Ti
)

⇔ H = kdep

(

Ti − Tw
)

ri ln
(

ri
R

) − ℎb
(

Tb − Ti
)

(8)

How to quantify the latent heat (H), the heat released by the mass that has solidified at the interface, is an-
other important difference. Some mass transfer-based models use molecular diffusion-based correlations, while phase
transition-based models assume that a new deposit will be generated with a homogeneous crystalline structure with
�dep, which is how they calculate the deposit’s thickness.

kdep

(

Ti − Tw
)

ri ln
(

ri
R

) − ℎb
(

Tb − Ti
)

=

{

ΔH�depF̄w,d
)ri
)t ⟶ Phase Transition-based model [5]

ΔHkl
(

Cb − Ci(Ti)
)

⟶ Mass Transfer-based model [3]
(9)

Again, the main difference is that the phase transition model assumes that the deposit interface temperature is
constant and that all the heat lost due to the phase transition causes a homogeneous increase in the deposit, while
mass transfer equations have no direct restrictions on the temperature of the interface. We highlight this again because
this is most interesting. All experimental data of direct or indirect measurements of the interface temperature shows
a constant value [16] [42][43], thus, all the evidence seems to direct us to the phase transition approach. The data
is very limited and it is intriguing how the scientific community has taken little interest in this measurement. If the
temperature of the interface is constant, then the mass transfer-based models are wrong, as shown in Equation 9, which
is definitely an important open question in the literature.

4. Wax Deposition Mechanisms: Newtonian Fluid
The focus of this section is on the bulk, the wax that flows with the liquid phase, which is precipitated or dissolved.

The net result from all the mechanisms defines the amount of mass deposited. First, a detailed discussion is provided
on the mechanisms already presented e.g.: molecular diffusion, shear stripping, and phase transition. Then, a discus-
sion is provided on all the other mechanisms that have been proposed by a long history of scientific investigations.

4.1. Molecular Diffusion
When modeling molecular diffusion of complex mixtures, there are two approaches: (a) the more complex ther-

modynamic approach, where the continuity conservation for each species is calculated [17]; (b) the average approach,
where the species of wax are averaged, usually assuming that everything with more than 18 carbons is wax, and every
species with less than 18 carbons is solvent. Once the solvent and solute are averaged, everything is treated as a binary

Geest et al.: Preprint submitted to Elsevier Page 9 of 36



Critical Review in Wax Deposition

mixture [3]. The discussion in this section is based on literature that disregards the compositional thermodynamic
modeling, i.e., based on (b).

When assuming the average methodology, there are two different ways commonly used to model the mass transfer
by molecular diffusion. First, considering thermodynamic equilibrium, which assumes that all molecules will precip-
itate immediately at their saturation temperature, this model has been called solubility model [13], and we call it the
Equilibrium Model (EM) here [23]. This model is based on Fick’s first law, with a noted simplification of assuming
pseudo-steady-state [6].

Second is the model that uses heat transfer analogy to calculate mass transfer. This model has been called heat
transfer analogy [13], we shall call it Film Mass Transfer model (FMT) [23]. This commonly uses several empirical
correlations for heat and mass transfer. This model assumes that an infinite supersaturation can occur, since heat
and mass boundary layer are completely independent. Lee [13] makes an interesting evaluation on the effects of
supersaturation and the transition between both limiting cases.

An open question is how the supersaturation of wax in the crude can be quantifiable: i.e., how the entropy of
the system influences the amount of wax that can be dissolved in the oil at each condition. This has been addressed
by a number of research groups [49]. The usual conclusion is that these two models are the upper (FMT) [10] and
lower limits (EM) of molecular diffusion, if one considers that molecular diffusion is the only mechanism, those are
the limits. But, as shown repeatedly, other mechanisms can influence the size of the deposit, thus, these boundaries
should be treated carefully [39] [14].

The next discussion is the molecular diffusion coefficient. It is important because most research in the literature
considers it a simple empirical correlation for wax in solvent mixtures for both model oil and real crude oil. We argue
here that the inaccuracy of those models could lead to several misleading conclusions. Thus, it is clearly of major
importance to understand how the molecular diffusion coefficient is measured, modeled, and often used in models
throughout the industry and academy.

4.1.1. Molecular Diffusion Coefficient
The diffusion coefficient is different for each component of the fluid. Usually, the literature simplifies this to

pseudo-components, being the solute, wax (C18 upwards), and the solvent, oil (C18 downwards). Most measurements
and correlations for diffusion coefficient were obtained assuming the hypothesis of binary mixtures. Hayduk and
Minhas [30] measured the diffusion coefficient for paraffin solutes in paraffin solvent, then they fitted a correlation
(arguably had a 3.5% error), which is used by most of the models based on molecular diffusion [3, 13, 17, 23, 27, 50]
and represents a scientific step forward for hydrocarbons. The industry and academy overwhelmingly use either
Hayduk and Minhas [30] or similar empirical correlations such as Wilke and Chang [51].

There is a problem with this type of empirical correlation [52]; they are dimensionally incorrect, which most likely
means that they are accurate for a limited set of conditions, however, the accuracy and conditions are never discussed
in the wax deposition literature. Nevertheless, these empirical correlations are vastly used for all kinds of oils in
all conditions. Sousa and Matos [52] discussed a correction of Hayduk and Minhas [30]correlation, which had a
typographical error that consequently impacted several works of experimental comparison presented in the literature.

Dwo = 13.3 10
−8 T 1.47�


V 0.71A

(10)


 = 10.2
VA

− 0.791 (11)

Another correlation to calculate the diffusion coefficient was proposed for more generic purposes by Wilke and
Chang [51], and has also been used in the literature for wax deposition. Wilke and Chang [51] correlation was fitted
for a bigger range of fluids, not only hydrocarbons, and a broader set of conditions.

Dwo = 7.4 10
−8

(

ϕMo
)0.5 T

�V 0.6A

(12)
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There are several experimental procedures to obtain the diffusivity coefficient: NMR [53, 54, 55], Taylor disper-
sion method [56, 57, 58], unsteady-state porous frit [59], digital holography interferometry [60, 61], and a Teflon-based
T-shaped microfluidic chip [62]. Some authors [63, 64] developed a collection of work with data from the experimen-
tal diffusivity coefficient for different components, which enabled the comparison between different methodologies
for the same component.

Mutina and Hürlimann [55] measured the diffusivity applying the RMN technique and showed that the diffusivity
vs. relaxation time is a surface for real crude oils. That is known and well understood because several solutes are
present in the system and each solute has a different diffusion coefficient. The importance of such measurements
is that, compared to Hayduk and Minhas [30] predictions, the average error can be 50% higher. It is important to
highlight that Mutina and Hürlimann [55] did not show the viscosity with temperature, thus only a small part of their
dataset was compared to the correlation of Hayduk and Minhas [30].

As a highlight, the evidence revealed by Leahy-Dios and Firoozabadi [63] and Mutina and Hürlimann [55] showed
that just applying the correlation from Hayduk and Minhas [30] can lead to high error in diffusivity prediction, es-
pecially when dealing with real waxy crude oils, where several important effects are disregarded: asphaltenes, non-
Newtonian behavior, among others. But, even for controlled solutes and solvents, there is evidence [63] that Hayduk
and Minhas [30]is considerably higher than 3.5%.

4.1.2. Limits of Molecular Diffusion
The FMT model assumes that there is no precipitated wax in the bulk. The EM model assumes that all the

precipitated crystals outside the vicinity of the static deposit flow with the bulk and do not become part of the deposit.
This is shown in Figure 4 by leaving a crystal-free space in the vicinity of the interface. It is also shown that the
FMT-based model does not have a mass transfer boundary layer, since it assumes infinite supersaturation, thus, no
wax crystal precipitate.

Figure 4: Schematic of the difference between EM and FMT models

4.1.2.1 Equilibrium Model:

There are three variables that need to be determined in order to calculate the total mass transferred through this
mechanism: the molecular diffusion coefficient (Dwo), the concentration gradient

(

dC
dr

)

, and the temperature gradient
(

dT
dr

)

. The main assumption is that there is a thermodynamic equilibrium in the mass transfer boundary layer.

ṁmd = (2πrL)Dwo
)C
)r

= (2πrL) Dwo
dC
dT

|

|

|

|Ti

dT
dr

|

|

|

|

−

ri
(13)
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In Equation 13, Dwo , the molecular diffusivity of wax in oil
[

m2

s

]

is usually calculated using correlations such
as Hayduk and Minhas [30], and both temperature and concentration gradients are obtained at the interface. The
concentration gradient

(

dC
dT

)

is calculated based on the temperature of the interface. It is obtained from the solubility
curve of the oil, usually measured in DSC, and an example of a solubility curve is shown in Figure 5. The concentration
gradient is the derivative of the solubility curve.

Figure 5: Solubility of a waxy crude oil [14]

The temperature gradient
(

dT
dr

)

is obtained at the bulk side, in the vicinity of the interface, it is usually calcu-

lated using the convection equation. The temperature gradient
(

dT
dr

)

can be obtained by solving 2D heat transfer
calculation, as all commercial and academic simulators do, which is previously discussed in Section 3.1, or by using
empirical correlations for Nusselt numbers [13] assuming steady state heat transfer

dT
dr

|

|

|

|

−

ri
=
Nu

(

Tb − Ti
)

−2ri
=
ℎ
(

Tb − Ti
)

koil
(14)

4.1.2.2 Film Mass and Transfer (Heat Analogy)

This approach has been called differently in the literature but, in this review, the term Film Mass and Transfer (FMT)
will be used. The heat transfer and mass transfer equations are completely independent. The heat transfer boundary
layer does not interact with the mass transfer boundary layer. This is relevant in cases where the precipitation kinetics
is slow, thus supersaturation is maximum [11]. This model was proposed by [3] [10].

As has been discussed by several studies [23] [38] [13], in the FMT model, supersaturation is maximum. This
is a common phenomenon when cooling down complex fluids. This basically happens because the rate of temper-
ature change is faster than the rate of precipitation of wax, thus the fluid stays at a meta-stable configuration, until
equilibrium is reached, and the phase transition occurs.

ṁmd = (2πrL) kM [Cb − Ci(Ti)] (15)

where kM is the mass-transfer coefficient, it can be calculated either by empirical correlations, assuming heat and
mass transfer analogy, or by numerical simulation, based on the Sherwood number (Sh). By numerically solving the
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mass conservation of the system, it is possible to calculate the concentration gradient and, consequently, the mass
transfer coefficient.

Sℎ =
(−2ri)

dC
dr
|

|

|

−

ri
[Cb − Ci(Ti)]

=
kM (2ri)
Dwo

(16)

The method to obtain the mass transfer coefficient is based on dimensionless correlations for the Nusselt and
Sherwood numbers. There are several proposed empirical correlations for obtaining the Nusselt and Sherwood num-
bers. There are recent reviews on correlations for laminar flow [65] and on general heat transfer correlations for single
phase flow [66]. The most common ones used in the literature of wax deposition are shown in Table 1. The correlation
from Gnielinski [67] is the most accurate for turbulent flow and the correlation from [68] is the most used for wax
deposition calculations. It is important to highlight that none of these correlations consider non-Newtonian behavior,
all empirical correlations were fitted for model fluids in controlled conditions for Newtonian fluids.

Table 1
Complementary heat and mass transfer correlation widely used in the Petroleum industry

Hausen [69] Limits

Nusselt (Nu) 3.66 + 0.0017813 Gz
5
3

(

1+0.04(Gz)
2
3
)0.5

Re < 2000
Pr < 12 × 103
Gz < 100

Sherwood (Sh) 3.66 + 0.0017813 Gz
5
3

(

1+0.04(Gz)
2
3
)0.5

Sieder and Tate [70]

Nusselt (Nu) 1.86 Gz
1
3

(

�
�w

)0,14 Re < 2000
Pr < 12 × 103
Gz > 100

Sherwood (Sh) 1.86 Gz
1
3

(

�
�w

)0,14

Gnielinski [67]

Nusselt (Nu)
f
8 (Re−1000) Pr

1+12.7
(

f
8

)0.5
(

Pr
2
3 −1

)

3000 < Re < 5 106
0.5 < Pr < 2 103

L
d
< 60

Sherwood (Sh)
f
8 (Re−1000)Sc

1+12.7
(

f
8

)0.5
(

Sc
2
3 −1

)

Chilton and Colburn [68]

Nusselt (Nu) 0.023 Re0.8 Pr
1
3

Re > 2000
Pr < 12 103

L
d
> 60

Sherwood (Sh) 0.023 Re0.8 Sc
1
3

4.1.3. Supersaturation in Molecular Diffusion
WDT is closer to the equilibrium state [19] [11], the difference between WAT and WDT is that, during WAT

measurements, the system is at meta-stable condition. Ravichandran [49] showed that supersaturation indeed occurs
by comparing high temperature gradient with low temperature gradient solubility curves in DSC. The supersaturation
phenomenon occurs because the entropy of solid wax is higher than liquid wax, some degree of supersaturation is
mandatory for precipitation to occur [71].

dC
dt

= k
[

C − Ceq
]a (17)
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There are several approaches in the literature to model the saturation level of waxy crudes [47]. In wax deposition
literature, as shown by Ravichandran [49], it is common to apply the supersaturation ratio (Ss), a correction factor
for the supersaturation in both the boundary layer and interface. Ravichandran [49] defined it as the concentration
available for deposition by the equilibrium concentration. Ss is always higher than 1, which means that less mass
would be transferred to the deposit, when compared with the infinite supersaturation, which is what the FMT theory
suggests.

ṁmd = (2πrL) kM [Cb − SsCi(Ti)] (18)

4.2. Shear Stripping and Sloughing Mechanism
Shear stripping and sloughing are the same mechanisms with different methodologies to quantify the amount

of wax removed. The most common is by fitting experimental data assuming shear stripping and diffusion are the
only mechanism [72] [31] [38]. Paso et al. [29] held a more physically grounded discussion of the possible removal
mechanism. They described three possible fracture models and, for one of them, they derive an equation for the tensile
fracture, to remove part of the deposit, the stress (�c) should be proportional to the deposit’s elastic modulus (E) and
the intrinsic fracture Energy (G).

�c ∝
√

EG (19)

The term sloughing mechanism has been used in wax deposition at least since Weingarten and Euchner [36]. They
argued that when the stress, due to shear, was big enough to overcome the strength of the wax deposit, sloughing
would occur. They did not attempt to model or quantify the sloughing mechanism.

Matzain [31] and Venkatesan and Fogler [38] took different approaches when trying to model the shear stripping
mechanism. They both had experimental evidence that the size of the deposit decreased as the shear rate increased,
evidencing that shear dispersion should not be playing a major role. They, however, did not directly observe any radial
displacement or removal but, as the Reynolds number increased, and the thickness was smaller, they assumed that a
shear stress related phenomenon was removing wax.

Figure 6 shows a representation of the shear stripping phenomena. It is important to highlight that if shear stripping
is controlling the upper limit of the deposit’s thickness, it must occur throughout the deposit. As the deposit increases,
the velocity of the fluid also increases. Therefore, the bigger the deposit, the bigger the shear stripping effect. In Figure
6 shows the decrease in the deposit thickness due to shear stripping, assuming that there are only two mechanisms
involved in wax deposition; molecular diffusion and shear stripping. Models for shear stripping are shown in Table 2
and described below.

To consider the shear stripping effect, Matzain [31] proposed an adjustment equation for the Reynolds number. As
the modified Reynolds number increases, the shear stripping parameter increases. By inversely multiplying the shear
stripping factor (Π2) to the mass diffusion model, the amount of mass deposited decreased.

Venkatesan and Fogler [38] proposed a shear stress-dependent model by fitting empirical parameters using a
series of experimental data. Thus, they assumed that the overestimation calculated by molecular diffusion either did
not become part of the deposit or was stripped away.

Ramirez-Jaramillo et al. [72] performed a simulation applying a compositional model (modified from Svendsen
[73]). They used the term shear removal instead of shear stripping and their innovation was to assume shear stripping
is proportional to the mass of the deposit (M), not only the shear stress. As in every other attempt to model shear
stripping, they used two empirical parameters.

Merino-Garcia et al. [1] described a set of experimental conditions evidencing that the shear stripping effect rather
than shear reduction should be considered as the main mechanism after the molecular diffusion. They argued that the
shear stripping effect should be calculated from a function of shear rate.

Correra et al. [33] considered the shear stripping effect by calling it the ablation effect. They added a term for the
consistency of the deposit ( ), which is a function of the aging effect. They also used one empirical coefficient.

Wang et al. [74] used the model proposed by Burger et al. [34] for shear dispersion mechanism (Table 3) and
applied a poorly-defined concept of shear energy (Es), using it to calculate the total flux due to shear phenomena.
The value of total flux due to shear, minus the shear dispersion provided the shear stripping flux. They applied more
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empirical constants than usual for this kind of study.

Figure 6: Schematic of the shear stripping phenomena, focusing on Mass transfer-based mechanisms

Table 2
Shear Stripping Models

Authors Model Empirical Parameters

Matzain [31] Π2 = 1 + aMatRe
bMat
M aMat, bMat

Venkatesan and Fogler [38] ṁss = aV en �bV en aV en, bV en
Ramirez-Jaramillo et al. [72] ṁss = aRamM �e

bRam
Ti aRam, bRam

Merino-Garcia et al. [1] ṁss = aMer A f (
̇) aMer

Correra et al. [33] ṁss = aCor A
1
 
|

|

�n|| aCor

4.3. Phase Transition
Regardless of the hypothesis and models, the wax deposition phenomena is always related to heat transfer. Each

model hypothesizes how the static deposit will stop growing, or how it will age, but there are always heat transfer
equations involved. In this section, the interest only lies in presenting the hypothesis of phase transition-based models
[6], those that assume that the interface is at a constant temperature, which in turn assume that wax deposition is a
phase-transition phenomenon and not a mass transfer phenomenon.

This approach argues that the wax deposition process is similar to ice deposition. Interestingly, Ehsani and Mehro-
tra [40] have shown that the same set of equation and hypothesis could be used to model experimental results for water
solidification (ice formation), a single component with no diffusion, and multi-component waxy crude oil, showing
further evidence that wax deposition might be a phase transition phenomenon. In the literature, this approach is
usually separated into steady state and transient approaches, so we shall present it following the same idea.

4.3.1. Steady State
Based on the notation shown in Figure 3, assuming there is a significant increase in temperature between the axial

position x0 and x1, the heat flux through the entire pipeline system is classically defined as [75]

q = ṁbulkCbulk(Tb(x0) − Tb(x1)) = UtotalA(Tb − Tc) (20)
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Where Tb and Tc are the temperature of the bulk and coolant, cp,bulk is the specific heat capacity of the fluid. For
the general heat transfer, the boundary and initial conditions depend on the desired experimental set-up solution [76]
[18]. Assuming a deposit exists, a classic representation of the thermal resistance can be applied, resulting in four
resistances. The upper letter R represents the fixed size of the pipeline, being Rin the inner radius and Ro the outer
radius of the pipeline. The lower letter ri represents the radius of the interface, which is ri(x, t) = Rin − �(x, t), thus,
a function of time and the axial position.

1
Utotal

= 1
ℎoil

+

Rin ln
(

Rin
Rin−�

)

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

Rin ln
(

Rin
ri

)

kdep
+
Rin ln

(

Ro
Rin

)

kpipe
+ 1
ℎcoolant

(21)

4.3.2. Transient
For the transient solution, the detailed discussion is shown in Section 3.1. A simplified model for the energy

conservation for the bulk is: the total energy loss by the bulk equals the heat transferred to the deposit through
convection in addition to the increase in the average temperature of the volume of the bulk [5].

(AiΔx)�cp,bulk
)T
)t
+ ṁcp,bulk

(

T (x0, t) − T (x1, t)
)

= Aℎℎ(T̄b − T̄i) + (AiΔx)�ΔH
)Fw
)t

(22)

The final energy conservation for the deposit is shown below and the entire derivation of such equation is shown
in 3.2. This is a strong differentiation from phase transition-based models and mass transfer-based models, since mass
transfer-based models seldom assume a transient deposit. From Equation 7 and assuming thermodynamic equilibrium,

�−1
⏞⏞⏞
�cp,dep
kdep

)T
)t

= 1
r
)
)r

(

r)T
)r

)

+
�depΔH
kdep

Equilibrium
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
)F̄w,dep
)T

)T
)t

(23)

1
r
)
)r

(

r)T
)r

)

=

(

1
�
−
�depΔH
kdep

)F̄w,dep
)T

)

)T
)t

(24)

The last part of the heat transfer modeling, heat flux through the interface, is the boundary condition already shown
in Equation 8. Again, the most important assumption of phase transition-based models is the constant boundary: the
temperature at the interface is always constant.

4.4. Soret Diffusion
Soret diffusion, also named thermal diffusion, refers to the mechanism that has the temperature gradient as a

driving force for the wax deposition [77]. This occurs because the temperature gradient causes mass (light and heavy
wax) separation in the oil phase. Some authors have argued that the Soret diffusion effect is negligible [1], others
stated that it is necessary to consider it for a correct assessment of the wax deposition problem [78]. There is no
evidence in the literature that Soret diffusion has any effect on wax deposition.

4.5. Gravity Settling
Gravity settling has been disregarded in many studies because there is evidence of homogeneous deposit in vertical

pipelines. There are, however, recent studies for horizontal flow in bigger pipelines, when the bulk is below the WDT,
which appear to have deposit only at the bottom when under positive heat flux, meaning no molecular diffusion. This
study could indicate that, in some conditions, the gravity settling should not be disregarded [79]. However, there is a
lot of evidence [14, 16, 34, 80] that, for single phase flow, there is no difference on the deposit’s thickness radially,
thus, these results should be better understood.
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4.6. Solubilization of wax
By this mechanism, the size of the deposit would be controlled by wax solubilization at the interface, when the

deposit’s thickness increases and reaches a point closer to the WDT, the wax crystals at the interface would start to
solubilize in the bulk and flow with the stream. This is considered in a few commercial simulators [81]. This is
classified as a mass transfer-based mechanism, because it is modeled as a solubilization mechanism and not as a phase
change between the solid deposit to a liquid bulk. Regardless of its classification, the results of the prediction are
similar, because this occurs at WDT, and if the deposit were modeled as a heat transfer mechanism, there would be no
deposit, since the temperature of the interface is assumed constant at WAT, which shall be explained in detail below
[82].

4.7. Enthalpy-porosity approach
Banki et al. [78] proposed a model for laminar flow based on the thermodynamics of irreversible processes that do

not require applying the chain rule to decouple concentration gradient with temperature gradient, as shown in Equation
13. In other words, they proposed a solution for the wax deposition problem in a way similar to the one described
in the phase transition-based model [6]. For this, they used the enthalpy-porosity formulation, a special approach to
solve moving boundary / Stefan problems [83].

In the work of Banki et al. [78], the authors assumed the precipitation of wax leads to a gel that can be modeled
as a pseudo-porous medium by a Darcy-type equation. The energy equation for the two-phase flow is written in
terms of enthalpy instead of temperature (Section 4.3). They showed that the molecular and thermal diffusion can
be considered together, but a consistent formulation is needed without replacing the concentration gradient with the
temperature gradient (chain rule application - common in mass transfer-based model), otherwise, incorrect results can
be obtained. This approach [78] has since then been extended to turbulent flow by Albagli et al. [84].

4.8. Brownian Diffusion
For this mechanism, we consider that the precipitated wax molecules collide randomly with the bulk molecules,

this kind of random collisions cause a random Brownian motion of the suspended particles. The collisions tend to
homogenize the distribution of precipitated particles throughout the bulk [47]. At the interface, the concentration due
to random flow is zero because the particles are static, thus, there is a concentration gradient of precipitated particles,
which is the argument for considering Brownian diffusion as relevant to deposition, as discussed by Azevedo and
Teixeira [9].

ṁbd = AiDbd
dC
dr

(25)

There is considerable evidence of no radial displacement of wax particles, the recent work of Cabanillas et al.
[28] has shown no radial displacement of precipitated wax particles. The work of Hamouda and Davidsen [37] also
showed no lateral displacement when the pipeline was divided into three sections with different boundary conditions.
This is evidence that neither shear dispersion nor Brownian diffusion are relevant.

Ehsani et al. [85] evaluated the effect of suspended wax crystals in wax-solvent mixtures on the solid deposi-
tion process in the cold flow regime. The results obtained with the filtered and unfiltered mixtures under turbulent
conditions concluded that the suspended wax particles do not affect the deposit mass or thickness in the cold flow
regime.

There are models to calculate the Brownian diffusivity coefficient but, as shown by Cabanillas et al. [28], Hamouda
and Davidsen [37], and Ehsani et al. [85], no radial movement of wax crystal has been observed toward the deposit, so
it appears that Brownian diffusion could be disregarded. For this reason, there is no point in diving into the methods
of calculating the Brownian diffusion coefficient.

4.9. Shear Dispersion
The shear dispersion mechanism occurs because there is a net transport of mass when several particles are flowing

near each other under different shear conditions. In the interface, there is a high shear. In the middle of the bulk, there
is low shear and high velocity. This velocity gradient causes the particles to rotate and, consequently, a rotational flow
at the vicinity of each particle. This secondary flow causes a drag in the particles nearby, generating, on average, a net
flow of particles toward the deposit [34].
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An important point that should be briefly addressed; due to the difficulties in observing the radial movements
of wax crystals, the work of Burger et al. [34], and all those based on his studies, made a mix of shear dispersion
and Brownian diffusion, this problem was described by Azevedo and Teixeira [9] and Merino-Garcia et al. [1]. The
problem is that when everyone stopped considering shear dispersion as relevant, they basically stopped considering
Brownian diffusion as relevant, due to the confusion generated by the methodology of Burger et al. [34]. This mis-
conception can still be seen in recent studies such as Wang et al. [74]. The shear dispersion mechanisms are shown in
(Table 3).

Fasano et al. [47] proposed a shear dispersion model based on the shear stress (�n) applied to the deposit surface
with normal n⃗ and the concentration at the interface (Table 3). This model is interesting because, despite considering
shear dispersion, it considers the effects of the concentration of aggregated (Ca) and non-aggregated (Cn) wax crystals
differently.

Table 3
Shear dispersion models

Authors Model Empirical Parameters
Burger et al. [34] ṁsd = aBur A Cw 
̇ aBur
Fasano et al. [47] ṁsd = −

(

aFas |

|

�n|| Ca − bFas |

|

�n|| Cn
)

n⃗ ⋅ A aFas; bFas

4.10. Shear Reduction
The meaning of this term has shifted quite significantly. Venkatesan and Fogler [38] used the term in a general

perspective meaning anything related to shear that could decrease the final thickness, either by removal of mass from
the deposit or by hindering the diffusion/flow of particles to the deposit. As the definition of shear stripping or shear
sloughing improved, the term shear reduction has become vaguer. Recently, shear reduction has been referred as some
phenomenon caused by shear that hinders the flux of particles towards the deposit. It has no physical explanation, no
proper description, and no formulation [39].

5. Non-Newtonian Behavior
The influence of rheology in wax deposition problems has recently been a common topic in the scientific com-

munity, and it is now clear that one of the next frontiers on wax deposition understanding and modeling is related to
rheology. Therefore, there is a need to understand and better investigate non-Newtonian influence in wax deposition.
In general, there are few studies on the influence of rheological behavior on wax deposition-related problems [24][26]
[47][86].

There are studies on how viscoplastic materials influence momentum conservation through classic friction factor
analogies [48][87]. When discussing the influence of rheology in the wax deposition, most studies use simplified
viscoplastic constitutive equations, such as Herschel Buckley [24][26], power law or Bingham [47][86]. This is
clearly a step forward, but there are no studies showing the influence of more complex rheological behavior, such as
elasticity or thixotropy. This is relevant because there is plenty of evidence that waxy crude oils present such behaviors
at low temperatures [14][87][88][89].

When assuming a non-Newtonian behavior, the first simplification is the most common in fluid mechanics, which
is the continuous hypothesis. All phenomena involved with precipitated crystals in the bulk, which is what caused
the non-Newtonian behavior, are treated in the macroscopic form - constitutive equation. This is important because,
as everything involving wax deposition, the complexity is slightly higher. When there is a phase in suspension, the
continuous assumption poses limitations, the system is actually a colloidal system, with stability dependence on the
precipitated particle distribution, their morphology, and several other parameters. The reason why this is usually a
sound hypothesis is because, when the system is flowing, shear related forces stabilize the colloidal system, but the
limitations of those assumptions for the specific case of wax deposition are not well documented.

In the last section, due to historical and reviewing perspectives, all the mechanisms associated with wax deposition
were presented. Over time, as scientific knowledge increased, some of those mechanisms proven to be irrelevant, with
no contribution to wax deposition [49]. From this point on, the effects of non-Newtonian behavior on the most
accepted approaches will be discussed.
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Even the most recent studies that investigate the influence of non-Newtonian behavior on wax deposition fail to
discuss the influence on diffusion coefficient (Dwo). This is relevant because the diffusion coefficient formulations,
as have been discussed in the Newtonian section, were proposed for binary solutions of Newtonian fluids. There is
considerable evidence that the accuracy of equations like Hayduk and Minhas [30] decreases as the complexity of the
fluid increases. This could be even worse when the fluid has non-Newtonian behavior [90].

At the vicinity of the interface where the fluid is non-Newtonian, there are plenty of precipitate wax particles but,
in real systems, asphaltenes are present. The problem is that the only literature regarding the influence on rheological
behavior on diffusion coefficient is with polymers. This is a hot topic in several industries, but it is impossible to
extrapolate to rheological behavior of waxy crude oil because the polymer’s molecular weight is up to three orders of
magnitude higher than that of asphaltenes [91].

To highlight the necessity of improving the measurements of molecular diffusion coefficient. Using Van Der Geest
et al. [14], viscosity vs. temperature curve, shown in Figure 7, when below T = 26 ◦C , the oil has a shear thinning
behavior. At the wall, the shear rate is the highest and the temperature is the lowest. As the distance from the interface
increases, if the viscosity decrease (due to higher temperature) is smaller than the viscosity increase (due to shear rate
decrease), the molecular diffusion coefficient could reach a minimum point that is not at the wall, thus a decrease in
mass flux compared to classic models. This could be the mechanism behind the speculations in shear reduction, as
shown in Figure 7. There is no evidence that this occurs, since it is based on the correlation from Hayduk and Minhas
[30], which seems to be inaccurate for complex non-Newtonian Mixtures.

Figure 7: Viscosity vs Temperature for Brazilian waxy crude oil [14]. Calculation of Molecular diffusion coefficient using
Hayduk and Minhas

There is another way of seeing how strongly the rheology can influence the molecular diffusion coefficient, which
is considering the concept of yield stress. Assuming the fluid behaves as Herschel Bulkley [24][26] or Bigham [47]
[86], and using Hayduk and Minhas’ equation, the diffusion coefficient tends to zero where plug flow occurs because
the viscosity goes to infinity. The main point is that the error involved in applying those correlations to non-Newtonian
behavior is unknown. It is most likely inaccurate, but that needs to be experimentally verified and the errors quantified.

Zheng et al. [26] solved momentum conservation, heat and mass transfer for turbulent flow considering a Non-
Newtonian viscoplastic fluid. To facilitate the convergence of numerical solutions, the authors applied the concept
of apparent yield stress where, for low shear rates, the viscosity is massive, but finite, and thus used a modified
Herschel-Bulkley model. They demonstrated that applying LES (large eddy simulation) and RANS (Reynolds-
averaged Navier–Stokes) simulation to solve radial mass / heat transfer equation results in drastically different tem-
perature and concentration profiles because RANS fails to accurately predict turbulent diffusivities. They concluded
that, for non-Newtonian cases, the use of RANS underestimates the heat and mass transfer and thus cannot be used to
model wax deposition for turbulent flow.
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To our knowledge, not a single study was able to experimentally test or isolate the effects of non-Newtonian behav-
ior in wax deposition. That is a complex task because there are several other phenomena occurring simultaneously,
thus it not easy to isolate the influence of the constitutive equation in the concentration gradient kinetics or on the
characteristics of the deposit.

Wang et al. [74] used the concept of non-Newtonian viscoplastic fluids to a modified shear dispersion equation,
more specifically using a power-law constitutive equation. They adjusted several empirical variables to the cold finger
data and assumed that the shear dispersion term would be equal in both the pipeline and the cold finger. This kind of
analogy poses the same problem as the classic shear stripping fitting [31][38], where one can fit experimental data,
but cannot actually model the phenomenon of fracture and removal of wax from the deposit.

ṁbd = AiDsd

( �
K

)
1
n (26)

Todi [92] shows the variation of the velocity and stress profiles for non-Newtonian power law fluids. Interesting
results of the error between measurement, using PIV, and modeling of such profiles are shown. One argument is that
the stress profile is independent of the heat flux condition for power-law fluids: heating, cooling, and zero heat flux,
for the presented experimental matrix. This is unexpected for highly non-Newtonian fluids, since the viscosity can
change dramatically with temperature

6. Deposit
When studying the deposit, the two big questions are how the deposit grows and ages over time. Aging is the

increase of the average weight fraction of the deposit and growth is the change in the thickness of the deposit. There
are three main approaches to model aging, the most common in the literature is the counter molecular diffusion [13],
there is also the Ostwald ripening [15] and shear deformation of a cubical cage [18]. All hypotheses regarding the
aging phenomena directly influence the calculation of the thickness of the deposit, which are related to the mechanisms
discussed in the previous sections.

To highlight what shall be discussed in the following sections, all models contain hypotheses regarding the mor-
phology of the crystals inside the deposit and there is a lack of experimental data on the morphology and crystalline
structure; i.e., the porous structure of the deposit. It is not trivial to measure the microscopic behavior of the deposit
in a wax deposition experiment. For this reason, the models were not validated experimentally and the phenomenon
is not well understood.

It is accurate to assume that the entire mass of wax within the deposit, at any given time, is the multiplication of
the deposit mass vs the wax weight fraction [3]([10]. Thus, the time derivative is

ṁ = d
dt

[

πL�dep
(

R2 − r2i
)

F̄wdep
]

(27)

From mass transfer-based models, it is understood that wax molecules transferred to the deposit cause two conse-
quences. First, they can increase the weight fraction of wax in the deposit (aging). Second, wax thickness can increase
(growth). Then, assuming that the deposit initially has a constant density and thickness in the L length, from Equation
27 it is possible to obtain:

ṁ =

ṁAging
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

πL�dep
(

R2 − r2i
)
dFw,dep
dt

−

ṁGrowtℎ
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

2πriL�depFw,dep
d
(

ri
)

dt
(28)

6.1. Aging by Counter Molecular Diffusion
It is important to highlight that, in Equation 28, there is no assumption regarding any mechanism. This is the point

where the discussion begins on the hypothesis and mechanisms involved in modeling the deposit. Most simulators use
some variation of the model proposed by Singh et al. [3] for the deposit, which considers the deposit at thermodynamic

Geest et al.: Preprint submitted to Elsevier Page 20 of 36



Critical Review in Wax Deposition

equilibrium. The mass transferred from the interface into the deposit is equal to the aging term of Equation 28.

ṁAging = Ai

(

−Deff
)Ci
)r

)

(29)

ṁAging
⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞

πL�dep
(
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)
)Fw,dep
)t

= 2πriL
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(30)

By solving the equations discussed in the last section for the bulk, it is possible to obtain the total mass transferred
to the deposit at any given time. Equation 30 is used to calculate the aging and, from Equation 28, it is possible to
obtain the mass that increases the deposit’s thickness. The counter molecular diffusion model, as proposed by Singh
et al. [3], does not consider molecular kinetics and crystallization as a factor that directly influences the thickness of
the deposit. This fact is important because, when modeling the deposit in diffusion-based models, the only way to
account for the influence of wax crystal size and morphology in the thickness is through the following process:

Molecular size increase ⟶ Aspect Ratio increases ⟶ Diffusivity of the deposit decrease ⟶ Aging decrease
⟶ Growth increase

This method assumes that all variation in the crystalline structure is either parallel to the interface or the growth
is toward the wall. Thus, the crystal growth cannot increase the size of the deposit directly, which seems problematic
since crystallization at the interface during wax deposition is certainly an important part of the phenomena. Thus, for
a more accurate modeling, important aspects of crystallization in the interface should be understood.

6.1.1. Diffusion Coefficient
For the discussion of the deposit by counter molecular diffusion, one of the most important aspects is quantifying

the wax diffusivity coefficient in the deposit - the effective diffusivity (Deff ). Singh et al. [3] proposed using the
model derived by Cussler et al. [93], which assumes that diffusion occurs on the slits between bricks (wax crystals).
A schematic is shown in Figure 8, similar to what was proposed by Cussler et al. [93].

Figure 8: Schematic of the deposit configuration [39] [93]

Cussler et al. [93] started by defining the geometrical and morphological parameters involved in the model, the
aspect ratio of the bricks, from now on called aspect ratio of wax crystal (�), the aspect ratio of the slits (Γ) and the

Geest et al.: Preprint submitted to Elsevier Page 21 of 36



Critical Review in Wax Deposition

volume fraction of the deposit (Φ).

� = Ψ
Ω
; Γ = �

Ω
;Φ = Ω

Ω + y
(31)

At this point, they consider the density of the deposit constant. Thus, the average volume fraction becomes the
average weight fraction (� ∼ F̄w,dep). With the definition shown in Equation 31, Cussler et al. [93] derived:

Deff =
Dwo

1 + Γ�F̄w,dep +
�2F̄ 2w,dep

(

1−F̄w,dep
)

(32)

Considering the same geometrical definitions, Aris [94] derived a similar equation [13]:

Deff =
Dwo

1 + �F̄w,dep
� +

�2F̄ 2w,dep
(

1−F̄w,dep
) + 4�F̄w,dep

π
(

1−F̄w,dep
) ln

[

π�2F̄w,dep
Γ
(

1−F̄w,dep
)

] (33)

Then, Singh et al. [3] applied the assumption that the pore aspect ratio is much smaller than the wax crystal aspect
ratio (Γ << �), which leads to the equation used by all software, based on the model from Singh et al. [3]:

Deff =
Dwo

1 +
�2F̄ 2w,dep

(

1−F̄w,dep
)

(34)

Figure 9 shows the general behavior of the effective diffusivity for the deposit. It is interesting to observe that,
as the aging process occurs, i.e., an increase in the average molecular weight of the deposit, the effective diffusivity
decreases. This was expected due to the decrease in the porous aspect ratio (�). All results shown in Figure 9 consider
the same molecular diffusivity of wax on oil (Dwo).

Figure 9: Effective Diffusivity of the deposit vs aspect ratio for different average molecular weight fraction

The literature commonly uses the wax aspect ratio (�) to fit the data. Singh et al. [3], for example, assume a linear
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relationship between the average molecular weight and the wax aspect ratio [95], as shown in Equation 35. That is
a strong assumption and has no experimental background to support it under flow condition, as shown by Soedarmo
et al. [95]. The variation of the aspect ratio can lead to drastic variations in the predictions of the deposit’s thickness
and composition [96]. Soedarmo et al. [23] used a value of a� = 5 for comparing experimental data and simulation
results.

� = 1 + a�F̄w,dep (35)

If the deposit already starts with the � << � hypothesis being correct, and that counter molecular diffusion is the
only aging mechanism for the deposit, there is still a question to answer: how does the aging process evolve? In Figure
9, two possible ways of aging are illustrated. In the first (aging process 1 – Figure 9), there is an increase in both the
average molecular weight of the deposit and an increase in the aspect ratio, which is similar to what [3] proposed, and
was used by [23]. In the second (aging process 2 – Figure 9), there is an increase in the average molecular weight of
the deposit, but the aspect ratio of the molecules does not increase and more molecules are therefore present in the
deposit - smaller molecules. The only experimental evidence points to the aging process 2 for laminar flow [95].

The aspect ratio ranges between 2 and 3 according to the only experimental research, known by our group, which
has investigated the aspect ratio under flow conditions for laminar flow [39]. If that was the case for every crude and
flow condition, including turbulent flow, then the effective diffusivity would not vary much. This assumption needs to
be verified, mainly regarding the turbulent flow for which we have no experimental evidence on the aspect ratio. One
way of doing so is by experimental research linking a microscope to a flowloop and performing tests at different flow
conditions.

6.2. Aging by Ostwald Ripening
Coutinho et al. [97] took a different approach and showed that there is a second mechanism involved in aging,

based on re-crystallization, called Ostwald Ripening [98]. Their research showed that, even under isothermal condi-
tions, where molecular diffusion stops, there is molecular growth in the deposit and thus, aging.

6.3. Aging by Shear Deformation of a Cubical Cage
Differently than Coutinho et al. [97], who showed a secondary mechanism for aging under isothermal conditions,

Mehrotra et al. [6] proposed a completely different approach for modeling the increase in average molecular weight
of the deposit with time and shear stress.

The cubical cage model [18] [99] [85] [6] represents the wax deposit layer under static conditions as a lattice-like
structure, where each unit cell is a cubical cage with side Υ and volume V , its deformation is used to predict the wax
deposit aging. It is a simple approach that does not intend to predict the configuration of solid and liquid phases, but
only determine how the deposit composition changes over time and shear stress. It only depends on the determination
of two parameters (Z and �). The volume fraction of each phase is related to the ratio (Z) of the cubical cage edge
thickness (�) to the cubical cage side (Υ). This ratio (Z=�/Υ) is fixed for static conditions and can be determined
from liquid-solid phase equilibrium calculations. Equation 36 provides the volume fraction of the solid phase, which
is represented by the edges of the cubical cage. Equation 37 provides the volume fraction of the liquid phase, which
is the remaining part of the cubical cage (total volume minus the volume of the edges).

VS = (12Z2 − 16Z3) (36)

VL = (1 − 12Z2 − 16Z3) (37)

If a one-dimensional shear stress is applied in the direction of the flow, the cubical cage will deform by tilting in
the same direction at an angle � and release liquid (solid phase is preserved). This angle is correlated with the shear
stress (or Reynolds number) and deposition time [99]. Consequently, the volume fraction of each phase (solid and
liquid) after deformation (indicated by the index �) is obtained by dividing the volume of the static cage by cos �. The
overall change in the volume will give the volume of liquid released from the cubical cage (Equation 38), which can
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be related to the changes in the average weight fraction of the deposit: i.e., aging [85].

Vcage − Vcage� = VLVcage − VL�Vcage� = (1 − cos�)a3 (38)

The results show that � increases with the shear stress (or Reynolds number), but no mathematical relationship
between these variables is available [99]. At the maximum angle (�max = cos−1(12Z2 − 16Z3)), the liquid phase
is completely released from the cubical cage. Thus, the higher the �, the higher the concentration of wax and the
heavier the n-alkanes will be in the deposit. This increase of the deposit weight fraction corresponds to the deposit
hardening and causes an increase in the deposit’s thermal conductivity. Finally, the change in the thermal conductivity
will impact the heat transfer calculations that govern the deposit’s growth [6].

Mehrotra et al. [6] show results where experimental data properly match predicted data and, using the cubical
cage model, explain the faster time scale of aging observed experimentally for turbulent flow. Aging by cubical
cage deformation is a more simplistic approach and presents a good agreement with experimental data. However,
the methodology used to develop its mathematical model must still be better explained and validated with a broader
database. This fact does not justify neglecting it or assuming the counter molecular diffusion model as the only
correct mechanism. Both models can be scrutinized and future researches need to expose and compare them in order
to conclude which is the best, or even to develop a better model. The only way to better model the aging phenomenon
is through a deeper study of how the crystal morphology and the porosity of the deposit vary over time.

7. Boundary: Interface
There is little discussion on what happens at the bulk-deposit interface. However, a number of open questions

and mechanisms might be relevant. The first focus is on the mass that reached the interface and the second on
the precipitated wax in the vicinity of the interface. There is an interesting discussion in Ravichandran [49] about
the possibility of the interface not being in equilibrium, but in a supersaturated state. This would suggest that the
calculation for the concentration gradient is wrong in most models.

The second open question is based on visualization studies that show an axial movement of wax particles at the
interface until they decelerate and stop, becoming part of the deposit. The first study was below WAT [28] and showed
that the thickness of the deposit can double with suspended crystals. In the second study, the bulk was above WAT,
but there were crystals in the mass transfer boundary layer [49]. In both studies, it was possible to observe the axial
displacement of crystals in the vicinity of the interface, then stopping and becoming part of the deposit. To our
knowledge, this phenomenon is disregarded in every simulator.

The work of [28] presents an interesting video by a camera installed in the experimental apparatus. The video
shows the interface of the deposit and the behavior of the wax crystals in the vicinity of the interface. This result
corroborates with the necessity of further investigation on the interface to better represent the effects of new particles
on the entire deposit. The authors found differences in deposit thickness formed under the presence of suspended
flowing wax crystals, indicating the importance of crystals suspended in solutions flowing with temperatures below
the WAT. It was observed that wax crystals and agglomerates present trajectories nearly parallel to the channel wall.
These crystals and agglomerates were seen to decelerate and stop, being incorporated into a thin wax deposit formed
in the initial cooling stages.

On the other hand, several studies under cold flow conditions show no increase in the deposit compared to hot
flow regimes [85, 100], thus, precipitated wax would not cause any increase in the thickness of the deposit. There is
a clear discrepancy between carefully executed experiments, which may be related to the size of the particles in the
vicinity, individual wax crystals do not deposit, but an agglomeration of the wax crystal can reach a critical size that
would deposit, another hypothesis that needs to be tested.

Figure 10 shows a schematic of the effects described above. The wax crystals reach the interface but do not
become part of the deposit and flow near the boundary until they stop and increase the deposit’s thickness.

The adhesion of the wax particle to the wall depends on the material of the pipeline. Coating the pipe with wax
repellent surface, such as glass or polymers, has proven to reduce wax deposition [35] [29] [101] [102]. The work of
Jessen and Howell [35] was one of the first to investigate this. The authors studied the wax deposition in different pipe
materials (plastic, aluminum, and steel) under different conditions of hardening, shear, and cooling rates.
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Figure 10: Schematic of the possible interface containing the effect of crystal dragging and deposition in posterior
regions further along the deposit

8. Start of wax deposit
Another topic to discuss is how the deposition starts, and there are few studies on the beginning of the wax

deposition. To understand the beginning, it is necessary to understand the beginning of the wax precipitation itself.
As stated before, wax precipitation is analog to any crystallization process. Consequently, all the assumptions valid
for a crystallization process must be valid for wax precipitation:

1. Exothermic process
2. Nucleation is a stochastic event
3. Crystal will only precipitate at favorable temperature and pressure conditions.
Wax precipitation will release temperature (exothermic process), so the preferable place for wax precipitation is

where the system can better absorb the released temperature. As a consequence, (a) there will be a preferable place for
wax precipitation in the system studied, and (b) this preferable place will begin generating a concentration gradient.
Two possible mechanisms have been considered for starting the wax deposition[26, 49]. It is important to highlight
that the mechanism discussed below can occur simultaneously; there is no evidence that it must be one or another.

8.1. Rheological Problem
To understand how a deposit would start assuming the rheological perspective, the definition of yield stress should

be presented. Basically, there is a threshold below which the applied stress would not cause a shear and the fluid
would strain, but not flow. Just for scientific clarification, there is a debate whether this definition is appropriate, but it
shall be presented here as Bingham did, since only the engineering aspect of the yield stress concept will be explored,
instead of the predictability in infinite time scales.

� = �0 + �
̇ (39)

In Figure 11 shows the hypothesis that the deposit starts due to the increase in the viscosity up to infinity, which is
another way to see the yield stress. In x0, there is no deposit and the fluid behaves as a Newtonian fluid. If we assume
turbulent flow, in the boundary layer, we have the classic description of inner layer and outer layer. This discussion,
however, is outside the scope of this review. For clarity, the system is divided into three regions: the viscous laminar
sublayer, the overlap layer, and the turbulent outer layer [103].

At axial point x1, there is no static deposit and the dark grey area corresponds to non-Newtonian behavior. As
the wax crystals precipitate and the apparent viscosity increases significantly, the oil behaves as non-Newtonian, thus
the velocity profile approaches the velocity profile of a shear thickening fluid under isothermal flow conditions. This
means that the velocity and, thus, the shear rate decreases significantly. As more and more particles precipitate, at
some point, the fluid starts to present yield stress. Another way to describe this is considering that the viscosity in the
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laminar sublayer increases so drastically that the sublayer is divided into two, one with the Newtonian flow and the
other with the non-Newtonian flow.

As more wax particles precipitate, the yield stress of the fluid increases, this has been observed in numerous bench
experiments [25]. Once the yield stress of the fluid overcomes the stress at the wall, the flow in the laminar sublayer
stops and the deposit thus begins [26].

Figure 11: Schematic of deposition starting based on yield stress definition

8.2. Phase Change Thermodynamic problem
This is classic nucleation theory [104]. Since the temperature at the wall is lower than the WAT, some nuclei of

wax particles start to precipitate, but they are not big enough to be stable. Once they reach a limit size, named critical
nucleus size, they become stable and other particles attach to the newly-formed nuclei and the crystal grows. Every
nucleus smaller than the critical size dissolves again into the bulk [13].

Figure 12 shows a schematic of this process in three phases: at the first axial point x0, there is a radial point where
the temperature is lower than the WAT, at that point small wax crystals start to precipitate, dissolved wax molecules are
represented in orange and the precipitated crystals in black. As time and the position evolve due to flow, the crystals
keep randomly precipitating and solubilizing in a stochastic process. At some point, shown in x1, some crystals reach
the Gibbs free energy necessary that a nuclei size is big enough to be stable. From this point forward, smaller crystals
attach to the formed stable crystal, increasing its size. When enough of these stable crystals are formed at the wall,
the deposit will start to grow, both by increasing the size of the crystals and by new crystals being formed.

To quantify the critical nuclei size, it is necessary to overcome the classic Gibbs Free energy change of precipita-
tion, which is maximum at the critical nucleus size concerning the number of wax molecules (N), thus the derivative
is zero. In classic crystallization publications, the critical size is related to the radius (critical radius) but, for the
discussion in terms of the population balance, it is better to use the number of wax molecules.

)
(

ΔEGibbs
kT

)

)N
= 0 = 2

3
g−

1
3 � − lnSs (40)
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� = �fS1
KT , �f is the surface tension between wax and oil (dyne/cm), Ss is the degree of supersaturation, as discussed

in [49], S1 is the surface of wax molecule (cm2).
In Figure 12, the interface is not at WAT, because that has not proven to be the case. For simple fluids, the

crystallization would occur at a constant temperature, but the representation is of a complex mixture, which can
present supersaturation effects where the equilibrium has not been reached.

Figure 12: Representation of deposit start-up based on critical nucleus size

9. Wax Deposition Simulators
Wax deposition simulators, commercial and academic, are mainly based on mass transfer models.

9.1. Commercial
Commercial multiphase flow simulators, such as OLGA (Schlumberger), LedaFlow (Kongsberg) and ALFAsim

(ESSS), are widely used in the Oil Gas industry. The wax module in OLGA (OLGA Wax) calculates deposition and
wax transport through one of three models: RRR, Heat Analogy, and Matzain diffusion model [81]. The wax module
in LedaFlow can simulate the wax formation and melting to determine the pigging frequency to keep wax under control
[105]. The module is based on the work shown in [13] and [92]. It models wax crystallization; i.e., wax precipitation
in the bulk forming a slurry and wax deposition caused by radial diffusion of wax molecules [82]. A sensitivity study
was performed by [82] comparing results obtained from OLGA and LedaFlow. The effect of adjustable parameters for
the wax deposition in both software was evaluated and both presented problems in reproducing the pressure behavior.

The wax module in ALFAsim enables calculating the wax deposition rate using the Matzain diffusion model, and
also its influence on pressure drop and heat transfer, thus predicting the risk of plugging by wax [106]. ALFAsim is
the most recent flow simulator developed, and not much information was found about it in the open literature.

9.1.1. RRR model
The RRR (Rygg, Rydahl and Rønningsen) model is limited for turbulent flow. In this model, the predicted amount

of wax deposited is obtained considering molecular diffusion and shear dispersion. There is no consideration of wax
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removed by shear effect, but it considers the wax dissolution [107].

9.1.2. Heat Analogy
The Heat Analogy comes from the Film Mass and Transfer (FMT) model based on molecular diffusion and

explained in section 4.1.2.2. It includes the effects of shear dispersion and shear removal (stripping).

9.1.3. Matzain model
The Matzain model, introduced in section 4.2, is a semi-empirical model based on molecular diffusion and ac-

counts for shear dispersion (low importance) and shear removal, by adding two empirical parameters to Fick´s Law.
For turbulent flow, the Matzain model is equivalent to the Heat Analogy [107]

9.2. Academic
There are two well-known wax deposition simulators developed by academia. The first, called TUWAX, was

developed by a research group at The University of Tulsa working on the Paraffin Deposition Project. It is based on
the mass transfer models for wax deposition and is mainly validated through their in-house loops experimental data
[108]. As per their website [109], the model is valid for single and multiphase mixtures, and is constantly updated by
the group.

The second is called Michigan Wax Predictor (MWP) developed by the University of Michigan’s Porous Media
Research Group [108] [110]. This simulator was the first to account for aging following the work of [3] and, since
then, the simulator has been constantly updated. The simulator is validated by experimental data from loops around
the world [111]. The Michigan Wax Predictor is a software package available from the University of Michigan’s
Industrial Affiliates Program [111]. As the other software, it considers the classic effects: molecular diffusion, shear
rate reduction and sloughing. However, in a recent thesis [112], they have presented a model coupling transient mass
transfer and transient heat transfer. The first, mass transfer, is the classic wax deposition modeling. The last, heat
transfer, corresponds to what we introduced as phase transition, which they named gelation, claiming it only occurs
because the waxy oil mixture achieves a yield stress and forms a gel-like structure. They defend that both mechanisms
have to be taken into account when modeling wax deposition, regardless of which one is controlling the process. To
our knowledge, this is the first software to consider the phase transition mechanism.

10. Conclusion
Wax deposition in pipelines is a complex phenomenon that has been discussed thoroughly both in Academia and

Industry for several decades. This paper is a critical review of the most important aspects of the opinion of the authors.
We separated the paper into sections to increase clarity for the reader, the paper was divided into a general view: state
of the art, then a section for energy conservation, followed by the mechanism for Newtonian fluid, then mechanisms
for non-Newtonian fluid, a discussion of the deposit, both aging and growth effects, and then the interface. Finally, a
brief discussion on the beginning of wax deposition and the available simulators.

For at least the last decades, most of the community has converged to the conclusion that molecular diffusion is
the controlling mechanism for wax deposition. As has happened in the past for shear-related phenomena, the growing
experimental evidence shows that molecular diffusion is insufficient and several research groups are looking for an
explanation of the discrepancy between model and data.

In the literature of mass transfer-based mechanism, the most common way to explain the discrepancy is by apply-
ing shear related phenomena, the shear stripping (sloughing) is the most common mechanism in the last decade. The
argument is that, as the Reynolds number increases, so does the stress at the interface, which removes parts of the solid
deposit. This is an indirect conclusion without concrete experimental evidence, based on the fact that, as the Reynolds
number increases, the thickness of the deposit is smaller. It is important to highlight this because there is another
explanation, often overlooked by the literature of mass transfer-based wax deposition, given by phase transition based
models.

There is a viable experiment that is necessary to verify which is the correct approach to model wax deposition - the
measurement of the interface temperature. Although there are many flowloops throughout the world, there is limited
data of the interface temperature, all the experimental evidence points to a constant interface temperature. This is
very relevant because, if the temperature of the interface is constant throughout the deposition process, this indicates
a phase transition phenomena. In parallel, it would also mean no increase of the thickness according to existing mass
transfer models. Therefore, the most accepted models applied by all commercial simulators would be wrong.
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This review has shown that the most important parameter of molecular diffusion predictions, the diffusion coeffi-
cient of wax in oil, is still not well determined. The widely-used correlation of Hayduk and Minhas (all commercial
and academic simulator) produces doubtful results when compared to real data; the correlation was obtained from data
with molecules with up to C32. A new experimental study with more complex mixtures must be performed and new
correlations, based on physics (dimensionally correct), are necessary to improve prediction of mass transfer-based
models.

The non-Newtonian influence on wax deposition is more recently being addressed. It is important to highlight that,
when it comes to fluids with non-Newtonian behavior, the classic correlations widely used to obtain the dimensionless
parameters (Nu, P r, Sℎ, Sm) have not been verified and are probably wrong. The influence of the non-Newtonian
fluid on mass and heat transfer properties need to be better investigated, but a challenge that needs to be overcome is
how to isolate and study this subject experimentally.

An important point lacking experimental study, due to its complexity, is the microscopic behavior of the crystals
and pores of the wax deposit under flow. Despite the approaches to modeling the deposit, this investigation is important
to assess if the molecular kinetics (growth) and wax crystal morphology are factors influencing the thickness of the
deposit. The assumptions regarding the geometrical distribution and porosity of the deposit are poorly verified, but
they are still very common in all simulators.

The only experimental evidence under flow conditions indicates aspect ratio ranging between 2 and 3 for laminar
flow, if this is true for every crude and flow condition, it implies that the effective diffusivity would not vary much. This
assumption needs to be verified, mainly regarding turbulent flow, for which no experimental evidence on the aspect
ratio was found. The lack of data on the aspect ratio of wax crystals in the deposit is common in mass transfer-based
models as a fitting-tool to "correct" the predictions of such models.

Finally, there is the behavior of precipitated wax crystals at the bulk in the vicinity of the interface. Most studies
show that precipitated crystals in the bulk of the vicinity of the interface do not necessarily increase the thickness of
the deposit, but a number of recent studies have measured the increase of the deposit in such conditions.
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Nomenclature
Physical Properties

� Crystal aspect ratio [−]


̇ Oil shear rate at pipe wall [1∕s]

Γ Slits aspect ratio [−]


 Exponent of Hayduk-Minhas correlation [mol∕m3]

� Cubic cage edge thickness [m]

� Viscosity [Pa.s]

Ω Deposit slit thickness [m]

Φ Volume fraction of the deposit [−]

Ψ Half slit size [m]

� Density [kg∕m3]
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� Stress [Pa]

Υ Cubical cage edge size [m]

� Cubical cage edge thickness [m]

A Area [m2]

C Concentration [kg∕m3]

cp Specific heat coefficient [m]

D Diffusivity [m2∕s]

E Elastic modulus [Pa]

EGibbs Gibbs free energy [J ]

G Intrinsic fracture Energy [J ]

Gz Graetz number [−]

H Latent heat [J∕kg]

k Thermal conductivity [W ∕mK]

kM Mass transfer coefficient [m∕s]

M Molar mass [kg∕mol]

M Molecular weight [kg∕mol]

m Mass, [kg]

N Number of wax molecules [−]

Nu Nusselt number [−]

p Pressure [Pa]

Pr Prandtl number [−]

q Heat [J ]

R Pipeline radius [m]

r Radial direction [m]

Re Reynolds number [−]

Ss Supersaturation ratio [−]

Sℎ Sherwood number [−]

T Temperature [◦C]

t Time [s]

U Internal Energy [J ]

u Velocity [m∕s]

V Cubical cage volume [m3∕mol]

Geest et al.: Preprint submitted to Elsevier Page 30 of 36



Critical Review in Wax Deposition

x Axial direction [m]

y Distance between deposit slits [m]

Z Ratio of the cubical cage edge thickness (�) to the cubical cage side (Υ) [−]

Constants

ϕ Wilke-Chang association parameter, [−]

Subscripts

a Aggregated wax crystals

Aging Aging process properties

b∕bulk Bulk properties

bd Brownian diffusion properties

cage Cubic cage properties

cage� Properties of cubic cage deformed by tilting at � angle

coolant Coolant properties

dep Deposit properties

eff Effective property

eq Equilibrium condition properties

Growtℎ Growth process properties

i Interface

in Inner radius

L Liquid

md Molecular diffusion

n Non-aggregated wax crystals

o Outer radius

p conductivity at constant pressure

pp Pour Point

r Radial

S Solid

sd Shear dispersion properties

w Wax properties

wall Property of the pipe wall

wo Wax in oil properties

x Axial
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Abbreviations

WDT Wax dissolution temperature

DSC Differential Scanning Calorimetry

EM Equilibrium model

FMT Film Mass Transfer

LES Large eddy simulations

OG Oil and Gas

RANS Reynolds averaged Navier–Stokes

WAT Wax appearance temperature

Mathematical Operator

∶ Double Inner Dot Product

̄ Average

⋅ Inner Dot Product

Δ Delta

∇ Nabla operator

) Partial derivative

⃗ Vector

d Full derivative

Empirical parameters

a empirical parameter

b empirical parameter

Subscripts Authors

Bur Burger et al. [34]

Cor Correra et al. [33]

Fas Fasano et al. [47]

Mat Matzain [31]

Mer Merino-Garcia et al. [1]

Ram Ramirez-Jaramillo et al. [72]
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